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Abstract. We prove a gluing theorem for a symplectic vortex on a compact 
complex curve and a collection of holomorphic sphere bubbles. Using the theorem 
we show that the moduli space of regular stable symplectic vortices on a fixed 
curve with varying markings has the structure of a stratified-smooth topological 
orbifold. In addition, we show that the moduli space has a non-canonical C^- 
orbifold structure. 
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1. Introduction 

In this paper we generahze the foUowing result on existence of universal defor- 
mations for stable (pseudo-)holomorphic maps. Let {X,uj) be a compact symplectic 
manifold equipped with a compatible almost complex structure J, and (S, j) a com- 
pact nodal complex curve. A map u : S — )• X is holomorphic if 

du := Ju o du — du o j = 

on each component of S. One naturally has the notion of a stratified-smooth family 
of holomorphic maps, and hence the notion of a deformation, namely the germ of 
a family around the central fiber together with an isomorphism of the central fiber 
with the given map. Recall that a deformation is universal if any other deformation 
is obtained from it by pullback, in a unique way, by a map of parameter spaces. A 
holomorphic map : S — )• X is regular if the linearized Cauchy-Riemann operator is 
surjective. The following theorem is the result of the well-known gluing construction 
for holomorphic maps, c.f. Ruan-Tian [21] or the text McDuff-Salamon |15[ Chapter 
10] in the case of genus zero: 
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Theorem 1.0.1. A regular holomorphic map u : H ^ X admits a stratified- smooth 
universal deformation iff it is stable. 

The construction of the universal deformation proceeds via the implicit function 
theorem. For each element in the infinitesimal deformation space of the stable map 
one first produces an approximate solution and then applies the implicit function 
theorem to find an exact solution. Unfortunately one uses a different Sobolev space 
for each "gluing parameter" controlling the domain, which means that it is rather 
tricky to show that each nearby stable holomorphic map occurs only once in the 
resulting family. A slightly jazzed up version of the above theorem implies that the 
gluing construction gives rise to orbifold charts on the regular locus of the moduli 
space of stable holomorphic maps. Uniqueness of the universal deformations implies 
that the smooth structures on each stratum are independent of the Sobolev spaces 
used in the implicit function theorem. One can make these charts C^-compatible 
by suitable choices of gluing profiles, that is, coordinates on the local deformation 
spaces; however the C^-structure on the moduli space is not canonical. The first part 
of the paper contains an exposition of the above theorem, which is rather scattered 
in the literature. 

The main result of the paper is a generalization of the theorem above to cer- 
tain gauged (pseudo) holomorphic maps, namely symplectic vortices as introduced by 
Mundet [16] and Cieliebak, Gaio and Salamon, see [5]. Let G be a compact Lie 
group and X a Hamiltonian G-manifold equipped with a moment map <I> : X — )• g* 
and an invariant almost complex structure J. Let S be a compact smooth holo- 
morphic curve with complex structure j and equipped with an area form Vols- A 
gauged holomorphic map with values in X consists of a smooth principal G-bundle 
P — S, a connection A on P, and a smooth section ti : S — t- P{X) := P xq X such 
that d^u = where is defined using the splitting given by the connection A and 
the complex structures J,j. Let Fa G O^(S,P(0)) denote the curvature of A and 
P(<I>) : P{X) — )• P{q) the map induced by <I>. The space of gauged holomorphic maps 
admits a formal symplectic structure depending on a choice of invariant metric on 
so that the action of the group of gauge transformations is formally Hamiltonian. 
A symplectic vortex is a pair in the zero level set of the moment map: a pair (A, u) 
such that 

dAU = 0, Fa + u*(Pxg$)Vo1e = 0. 

Thus the moduli space M{T,,X) of symplectic vortices is the symplectic quotient 
of the space of gauged maps by the group of gauge transformations. In certain 
cases where the moduli spaces are compact Cieliebak, Gaio, Mundet, and Salamon 
[3] and Mundet [16] constructed invariants that we will call gauged Gromov-Witten 
invariants by integration over these moduli spaces. In general M{T,,X) admits a 
compactification M(S, X) consisting of polystable symplectic vortices given by allow- 
ing u to develop holomorphic sphere bubbles in the fibers of P xq X. A polystable 
vortex is strongly stable if the principal component has finite automorphism group, 
and regular if a certain linearized operator is surjective, that is, the moduli space is 
formally smooth. Our main result is the following: 
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Theorem 1.0.2. Let T,,X be as above. A regular strongly stable symplectic vortex 
from S to X admits a universal stratified- smooth deformation. 

Using the deformations constructed in Theorem 1 1.0. 2 1 we prove that the moduli space 
M^^^C^jX) of regular strongly stable symplectic vortices admits the structure of an 
oriented stratified-smooth topological orbifold, and (non-canonically) the structure 
of a C^-orbifold. The first statement implies that if M (E,X) is compact then it 
carries a rational fundamental class. The second statement implies for example, that 
if the target carries a group action then the usual equivariant localization theorems 
hold for the induced group action on the moduli space. In the case that X is a smooth 
projective variety, algebraic methods explain in [TT] give similar results and provide 
virtual fundamental classes on the moduli space. However, the symplectic gluing 
construction is interesting in its own right, not in the least because it potentially 
extends to the case of Lagrangian boundary conditions. We understand that a 
forthcoming paper of Mundet i Riera and Tian gives a gluing construction for two 
symplectic vortices, when the structure group is the circle group. 

Acknowledgments: We thank Ignasi Mundet i Riera, Melissa Liu, and Robert Lip- 
shitz for helpful comments and discussions. 

2. Deformations of holomorphic curves 

The following section is essentially a review of the material that can be found at 
the beginning of Siebert [22], with a few additional comments incorporating termi- 
nology of Hofer, Wysocki, and Zehnder [13\ Appendix]. In the first part we review 
the holomorphic construction of universal deformations of stable curves. In the 
second part, we study smooth deformations of curves. 

2.1. Holomorphic families of stable curves. A compact, complex nodal curve 
S is obtained from a collection (Si, . . . , S^) of smooth, compact, complex curves by 
identifying a collection of distinct nodal points 

For / = 1,... ,m, we denote by '^i±(i) the components such that wf^ G A 
point z G S is smooth if it is not equal to any of the nodal points. A marked 
nodal curve is a nodal curve together with a collection z = (zi, . . . , Zn) of distinct, 
smooth points. An isomorphism of marked nodal curves {Tiq,zq) to is an 

isomorphism : Sq — >• Si of nodal curves such that </>(zo,i) = zi^i for i = 1, . . . , n. 
A marked nodal curve is stable if it has finite automorphism group, that is, each 
component contains at least three marked or nodal points if genus zero, or one 
special point if genus one. 

The combinatorial type r(S) of S is the graph whose vertices are the components 
and edges are the nodes and markings of S. The map S i— t- r(S) extends to a 
functor from the category of marked nodal curves to the category of graphs. In 
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particular, there is a canonical homomorphism Aut(S) — )• Aut(r(S)), whose kernel 
is the product of the automorphism groups of the components of S. 

Let be a complex variety (or scheme). A family of nodal curves over 5" is a 
complex variety S5 equipped with a proper flat morphism tt : S5 — )• S, such that 
each fiber S^, s G S" is a nodal curve. A deformation of a marked nodal curve S is a 
germ of a family of marked nodal curves over a pointed space (S, 0) together with 
an isomorphism 99 : Sq — )• S of the central fiber Sq with S. A deformation 93) of 
E is versal iff any other deformation (Ti'^ — )• S' , ip') is induced from a map ^ : S' ^ S 
in the sense that there exists an isomorphism <j) of S' with the fiber product S5 X55" 
in a neighborhood of the central fiber Sg. A versal deformation is universal if the 
map (f) is the unique such map inducing the identity on Sq. A deformation has fixed 
type if the combinatorial type of the fiber is constant. A universal deformation of 
fixed type is a deformation of fixed type, which is universal in the above sense for 
deformations of fixed type. The space Def(S) of infinitesimal deformations of S is 
the tangent space TqS of the base 5 of a universal deformation, well-defined up to 
isomorphism. We write Defr(S) for the space of infinitesimal deformations of fixed 
type. Let S be the normalization of S, so that Defr(S) is isomorphic to the space 
of deformations of S equipped with the additional markings wf, . . . obtained 
by lifting the nodes. The general theory of deformations, see for example [7] in the 
analytic setting, shows that any marked nodal curve T, admits a versal deformation 
with smooth parameter space S. T, admits a universal deformation S5 — )• S if and 
only if S is stable. Furthermore, the space Def(S) of the space of infinitesimal 
deformations admits a canonical isomorphism with H^'^{T,,TT,[—zi — ... — z„]), 
where TS[— — . . . , —Zn] is the sheaf of vector fields vanishing at zi, . . . , Zn- 

The relationship between the various deformation spaces (in the case with mark- 
ings, fixed type, etc.) is given as follows. The space of infinitesimal automorphisms 
aut(S, z) of (S, z) is the space Vect($], z) = H^{Ti, TS[— zi — . . . — z„]) of holomorphic 
vector fields vanishing at the marked points. The short exact sequence of sheaves 

^ ®7=iTz,^ ^ TS ^ TS[-zi -...-zn]^0 

gives a long exact sequence in cohomology [12* p. 94] 

n 

^ Vect(S,z) ^ Vect(E) ^ 0r,^5] ^ Def(S,z) ^ Def(S) ^ 0. 

i=l 

From now on, we omit the markings from the notation, and study deformations of 
a nodal marked curve T, = ($],2:). By T ±S, we mean the tangent space in the 

i 

component of S containing w^. A gluing parameter for the j-th node is an element 
6i G T +S(S'T -S. The canonical conormal sequence jl2[ p. 100] gives rise to an 

1 i 

exact sequence 

m 

(1) ^ Defr(S) ^ Def(S) ^ 0r^+S r^_S ^ 0. 

2=1 
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After trivialization of the tangent spaces the gluing parameters are identified with 
complex numbers. 

Universal deformations of a smooth marked curve can be constructed for example 
using Teichmiiller theory |8j or by Hilbert scheme methods [12^ p. 102]. Later we will 
need an explicit gluing construction of a universal deformation of a stable marked 
curve. This construction seems to be well-known, but the only proof we could 
find in the literature is Siebert [22]. The idea is to remove small neighborhoods of 
the nodes, and glue the remaining components together. A local coordinate near a 
smooth point z S E is a neighborhood U of z and a holomorphic isomorphism k of 
U with a neighborhood of in the tangent line T^S, whose differential TqU — )■ T^T, 
is the identity. 

Remark 2.1.1. The space of local coordinates near z is convex, since if no,ni are 
local coordinates then any combination tKQ + (1 — t)ni is still holomorphic and has 
the same differential at z, and so by the inverse function theorem is a holomorphic 
isomorphism in a neighborhood of z. 

Any gluing parameter 6i induces an identification 

r^+s-{o}^r^-s-{o}, a+^<5,/a-. 

Given local coordinates for the nodes of S and a set of gluing parameters 5 = 
{Si, . . . ,Sm), define a (possibly nodal) curve T,^ by gluing together small disks around 
the node by z i— )• 5i/z, for every gluing parameter 6i that is non-zero, where z is 
the local coordinate given by Kj. That is, 

k 

(2) = U - , . . . , wt,}/{z ~ (4)-' {5,1 kT {z)),i = 1, . . . , m) 

for pairs of points in the two components such that both coordinates are defined. In 
particular, the choice of local coordinates near the nodes defines a splitting of the 
sequence ([1]). 

The gluing construction works in families as follows. Let Ip^ — t- Sy resp. /r — ^ •S'r 
denote the vector bundle whose fiber at s G S'r is the tangent line at the j'-node 
resp. tensor product of tangent lines at the nodes, 

m 

(3) 4'J = r^±s„ ir,. = 0r^-^s,®r^^+^E,. 

i=i 

Let — )• S'r be a family of nodal curves of the same combinatorial type F, with 
nodal points {w^^ jOi^i- ^ holomorphic system of local coordinates for the i-th node 

is a holomorphic map from a neighborhood Ui^± of the zero section in /^'^ to 
S5 which is an isomorphism onto its image and induces the identity at any point 
in the zero section. Given a holomorphic system of coordinates for each node k = 
{ki, Ki,..., K^, K~) the gluing construction ([2]) produces a family Eg — )• S over an 
open neighborhood 5 of the zero section in the bundle / — >• 5r of gluing parameters. 
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Theorem 2.1.2. [22fc Proposition 2.4] // Sr,5 is a family giving a universal defor- 
mation of fixed type, then S5 is a universal deformation of any of its fibers, and in 
particular is independent up to isomorphism of deformations of the choice of local 
coordinates k. 

The fohowing properties of universal deformations of stable curves will be used later: 

Theorem 2.1.3. \22\ Lemma 2.7] For any universal deformation S5, the action of 
automorphisms Aut(S) 0/ S extends to an action o/Aut(S) on S5, possibly after 
shrinking S. For any universal deformation, there exists a neighborhood of the cen- 
tral fiber such that any two fibers contained in the neighborhood are isomorphic, 
if and only if they are related by an automorphism of S . 

If S is not stable, then the above construction produces a minimal versal defor- 
mation of S. That is, S5 — )• S" is versal, and any other versal deformation given by 
a family S'^, — )• S' is obtained by pull-back by a map S' — )• S. 

Algebraic families of connected stable nodal curves with genus g and n markings 
form the objects of a smooth Deligne-Mumford stack Mg^n [S] which admits a coarse 
moduli space with the structure of a normal projective variety. The maps Def(S) — )■ 
Mg,n, s I—)- [Ss] (restricted to a neighborhood of 0) provide Mg^n with an atlas of 
holomorphic orbifold charts. 

2.2. Stratified-smooth families of stable curves. We extend the definition of 
families and deformations to smooth and stratified-smooth settings. Given a family 
S5 — 5" of compact complex nodal curves, let 

5 = |j5r, Sr = {seS, r(S,) = T} 

denote the stratification by combinatorial type of the fiber. It follows from the gluing 
construction of the previous section that if S5 — )• is a family giving a universal 
deformation, then each Sr is a smooth manifold, and the restriction Sr,5p of 
to Sr gives a universal deformation of fixed type F. By a smooth family of curves of 
fixed type T we mean a fiber bundle ^r,Sr ~^ 'S'r with fibers of type T and smoothly 
varying complex structure. In the nodal case, it is obtained from a smooth family of 
smooth holomorphic curves, identified using a collection of pairs of smooth sections 
(nodes). 

Lemma 2.2.1. Holomorphic universal deformations of fixed type are also universal 
in the category of smooth deformations ofTi. That is, let E5 S,ip be a universal 
holomorphic deformation of fixed type of a nodal curve S. Any smooth deformation 
Yj'g, — )• S',ip' of nodal curves of fixed type is obtained by pull-back S5 S by a 
smooth map S' ^ S. 



Proof. By the construction of local slices for the action of diffeomorphisms in [8], 
[201 Chapter 9]. □ 
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Similarly we can define continuous families of holomorphic curves, which corre- 
spond to continuous maps S" — )• to the parameter space S for a universal holo- 
morphic deformation. The following spells out the definition without reference to 
the universal holomorphic deformation. 

Definition 2.2.2. Let ro,ri be graphs. A simple contraction r is a pair of maps 
Vert(T) : Vert(ro) Vert(ri) and a bijection Edge(r) : Edge(ro) Edge(ri)u{0} 
such that Ti is obtained from Tq identifying the head and tail of the contracting 
edge e such that Edge(r)(e) = 0. A contraction is a sequence of simple contractions. 

Definition 2.2.3. A continuous family of nodal holomorphic curves consists of 
topological spaces S5, a surjection II5 — )■ S, and a collection of (possibly nodal) 
holomorphic structures js^ on the fibers T,s,s £ S, which vary continuously in s in 
the following sense: for every sq € S there exists for s in a neighborhood of sq of 
some combinatorial type T, 

(a) contractions : r(IlsQ) — )• F, constant in s G 5r; 

(b) for every node {wf} collapsed under r^, a pair of local coordinates : 

(c) for every component 'Sso,i of S^g, a real number Cs > and maps 

such that 

(a) for any s, the images of the maps (pi^g cover S^; 

(b) for any nodal point wf of Eg joining components j±(fc), there exists a 
constant G C* such that (k^ o (f>~l+f^i^-^ o (t>s,i-{k) ° (/^^ = ^sZ, if the 
former is defined, and Ag — )• as s — >• sq- 

(c) for any z G SsQ^j in the complement of the W^^, lims^soi4>i,siz)) = z; 

(d) fpisi^sTsii) converges to js^^ , uniformly in all derivatives on compact sets; 

(e) if Zi is contained in T.so,k, then Zi = lim^^^Q </'^fc(^i,s)- 

A stratified- smooth family of curves is a continuous family — )• 5 over a stratified 
base S = |Jp Sr such that the restriction E^j, of to Sr is a smooth family of fixed 
type r. A stratified- smooth deformation of a nodal curve E is a germ of a stratified- 
smooth family of nodal curves S5 equipped with an isomorphism of the central fiber 
So with S. A universal stratified- smooth deformation of S is a deformation with 
the property that any other stratified-smooth deformation S^, — )• S' is obtained by 
pull-back by maps ip : S' ^ S , 4> : x s S' ^ T,' , and any two isomorphisms ^' 
inducing the identity on S are equal. 

Any universal holomorphic deformation is also a universal stratified-smooth de- 
formation, essentially by Lemma 12.2.11 In the stratified-smooth setting, the analog 
of Theorem 12.1.31 fails and we need an additional definition: 
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Definition 2.2.4. A universal stratified-smooth deformation (vr : S5 — )• S,(f)) is 
strongly universal if vr is a universal deformation of any of its fibers, and two fibers 
of TT are isomorphic, if and only if they are related by the action of Aut(I]). 

The construction of universal deformations extends to the smooth setting as fol- 
lows. Let Tis^ — )• 5r be a smooth family of curves of fixed type T. A smooth system 
of local coordinates for the i-th node of T^s^, is a smooth map from a neighborhood 
Ui^± of the zero section in P'^ to which is an isomorphism onto its image and 
induces the identity at zero. Given a universal deformation (£5^ — )• Sr,^p) of fixed 
type r and a smooth system of local coordinates, applying the gluing construction 
([2]) gives a smooth family S5 — t- S over an open neighborhood S* of in Def($]). We 
may identify S with Def(S), for simplicity of notation. 

Theorem 2.2.5. Let Ti he a stable curve. The family S <Z Def (S) constructed 

by gluing from a family Sr,s — )• 5 C Defr(S) of fixed type, using any smooth family 
of local coordinates k near the nodes, gives a strongly universal stratified-smooth 
deformation of S . 

Proof. Let S'^ he a family constructed via gluing using a smooth family of 

local coordinates k as in ([2]), and — )• 5" a universal deformation using a holo- 
morphic family of local coordinates by the same construction ([2|). By universality, 
there exists a map ip : S'^ ^ S so that S^(^) = S^. It suffices to show that tp 
is a diffeomorphism on each stratum. Consider the canonical map from TgS'^ to 
Def(E'5), which maps an infinitesimal change in the parameter space S"^ to the cor- 
responding infinitesimal deformation of S*^, which we identify with an element of 
QO(S,End(TS'^)). Let U C T.^ denote the gluing region, that is, the image of the 
union of domains of the local coordinates. The deformations generated by the glu- 
ing parameters are supported in the gluing region U. On the other hand, linearly 
independent deformations of fixed type Defr(S) generate deformations of the glued 
curve that are linearly independent on6 — U, for sufficiently small U. (The gener- 
ated deformations will not vanish on U, because of the varying local coordinates.) 
Thus the map Defr(S) Q^{T. - U) is injective; it follows that TS"" Def(S'^) 
is injective, hence an isomorphism by a dimension count. This shows that the map 
5'^ — )• 5 is a covering. Let nt be a family of local coordinates interpolating between 
K and a holomorphic family. The corresponding family tpt interpolates between the 
identity and ^. Since each ipt is a covering and tpQ is the identity, each ipt is a 
diffeomorphism. □ 

The strongly universal deformations above defined using smooth families of local 
coordinates provide smooth orbifold charts on Mg,„. Since the space of local coordi- 
nates is convex, one can construct the local coordinates for each stratum compatibly. 
Namely, let T' be a combinatorial type degenerating to T. Local coordinates for the 
nodes of Mg^n,r induce local coordinates for M^. 

,n,r') ill 3" neighborhood of Mg ^i^Yi 

via the gluing construction ([2]). 



DEFORMATIONS OF SYMPLECTIC VORTICES 



9 



Definition 2.2.6. A compatible system of local coordinates for „ is a system of 
local coordinates for the nodes of each stratum Mg^n,r, so that the local coordinates 
on any stratum Mg^n,r' ^-re induced from those on Mg „ r! in ^ neighborhood of 

Compatible systems of local coordinates can be constructed by induction on the 
dimension of Mg^n,r, using convexity on the space of local coordinates in Remark 
[2X11 

One can modify the gluing construction above by choosing a different smooth 
structure on the space of gluing parameters. In the language of Hofer, Wysocki and 
Zehnder [131 Appendix], 

Definition 2.2.7. A gluing profile is a diffeomorphism ip : (0,1] — t- [0,cxd). The 
diffeomorphism given by = —1 + 1/S will be called the standard gluing profile; 
<f{6) = e^l^ — e will be called the exponential gluing profile^ and ^(S) = — ln((5) the 
logarithmic gluing profile. 

The set of gluing profiles naturally forms a partially ordered set: Write (pi > ipo 
and say (fi is softer than (po if (fii^^fo extends to a diffeomorphism of [0, 1]. Write 
ipi > (fQ and say that (fi is strictly softer than ipQ if the derivatives of ip^^ipo : 
[0, 1] [0, 1] vanish at 0. The exponential gluing profile, standard gluing profile, 
and logarithmic gluing profile form a decreasingly soft sequence in this partial order. 

Fix a gluing profile (p, and consider once again the gluing construction. 

Definition 2.2.8. Given a nodal curve S with local coordinates k near the nodes, 
and a collection of gluing parameters 6 = {6i, . . . , 6m), the glued curve T,{6,(p) is 
defined by gluing together small disks: 

(4) J:''^'^:= (^Qs,-K,...,«;±}j/~ 

where the equivalence relation ~ is given by 

^ ~ (^^)~"^(exp(-(/'(|'^i|) -«arg((5j))/Kr(2;), ,zeU~, i = l,...,m. 

More generally, given a family — )• Sr of curves of constant combinatorial type 
r and a system of local coordinates near the nodes k, the construction (jj]) produces 
a family of curves S^k'^^ — )• 5'*''^ where S'^''^ is the product of S with the space of 
gluing parameters. 

Let S be a compact, complex nodal curve. For any gluing profile <p and any col- 
lection K of local coordinates near the nodes, the family S^'^^ — )• S'^''^ is a stratified- 
smooth strongly universal deformation, since it is so for the standard gluing profile. 
Let K = (kf) be a compatible system of local coordinates near the nodes, for each 
combinatorial type F. Each stratified-smooth universal deformation above defines a 
classifying map 

(5) 5"'^/ Aut(S) ^ Mg^n, s ^ [S,] 
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which is a homeomorphism onto its image, possibly after shrinking the parameter 
space S'^'^ . (To obtain a precise meaning for "classifying map" it is necessary to 
pass to the stacks-theoretic viewpoint, which we do not discuss here.) The maps ([5]) 
provide Mg^n with a compatible set of stratified-smooth orbifold charts, since the 
transition maps are the identity on the space of gluing parameters by construction, 
and smooth on each stratum. We denote by -M^'^ the smooth structure on Mg^^i 
defined by the system of local coordinates k near the nodes and the gluing profile (/?; 
the use of this smooth structure seems to have been suggested by Hofer. It seems 
that these smooth structures might depend on the choice of k, except in the case of 
the logarithmic gluing profile, in which case one has a canonical smooth structure. 

The forgetful maps with respect to these non-standard smooth structures have 
regularity properties that are worse than those with respect to the standard smooth 
structure. For 2g + n > 2> wq have forgetful morphisms /j : Mg^n — ^ Mg,n-i by 
forgetting the i-th marking and collapsing unstable components. There are two 
possibilities: a genus zero component with one marking and two nodes is replaced 
by a point; a genus zero component with two markings and one node is replaced 
by a single marking. For any gluing profile, the maps fi are smooth away from 
the locus where collapsing occurs. We say a local coordinate on a genus zero curve 
is standard if it extends to an isomorphism with the projective line. The forgetful 
morphism fi is smooth near the locus of one node, two marking components if the 
local coordinates are standard and 5 ^ exp((/?(5))~^ is smooth, that is, ip is at least 
as hard as the logarithmic gluing profile. The forgetful morphism fi is smooth near 
the locus of curves containing components with two nodes and one marking if the 
map (5i,(52 i— ?■ ip~^{(p{6i) + ^(62)) is smooth. For example, in the logarithmic gluing 
profile we have {61, 62) 1— >• Si52, which is smooth, while for the standard gluing profile 
collapsing a component gives the map {61,62) ^ 6162/(61 +62) in the local gluing 
parameters, which is not smooth. 



3. Deformations of holomorphic maps from curves 

This section reviews the construction of a stratified-smooth universal deformations 
for stable (pseudo)holomorphic maps. The proof relies on a gluing theorem, of the 
sort given by Ruan-Tian |21j ; our approach follows that of McDuff-Salamon [15j who 
treat the genus zero case. A different set-up for gluing is described in Fukaya-Oh- 
Ohta-Ono [9j, and explained in more detail in Abouzaid [T]. The gluing construction 
gives rise to charts for the moduli space of regular stable maps. 

3.1. Stable maps. Let {X,uj) be a compact symplectic manifold and J{X) the 
space of compatible almost complex structures on X. Let J G J'{X). 

Definition 3.1.1. A marked nodal J -holomorphic map to X consists of a nodal 
curve S, a collection z = of distinct, smooth points on S, and a J- 

holomorphic map n : S — t- X. An isomorphism of marked nodal maps from 
{T,o,zo,uo) to {T,i,zi,ui) is an isomorphism of nodal curves ip : T,o ^ l^i such 
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that •0(zo,i) = zi^i for i = 1, . . . ,n and uioip = uq. A marked nodal map (S, n, z) is 
stable if it has finite automorphism group or equivalently each component of genus 
zero resp. one for which Uj is constant has at least three resp. one special (nodal or 
marked) point. The homology class of stable map n : S — )■ X is G H2{X,'Z). 

A continuous family of J-holomorphic maps over a topological space S" is a con- 
tinuous family of nodal curves S5 — > (see Definition 12. 2. 3p and a continuous map 
u : Tis — 7" X which is fiberwise holomorphic. That is, for each sq £ S and each 
nearby combinatorial type T we have 

(a) a sequence of contractions : r(SsQ) — )• F, constant in s G Sr; 

(b) for every node {w^} collapsed under r^, a pair of local coordinates : 

(c) for every component Sso,i of Esq, a real number > converging to as 
s — )• So and maps 

such that 

(a) for any s, the images of the maps (pi^s cover S^; 

(b) for any nodal point wf of joining components j±(fc), there exists a 
constant As G C* such that (k^ o 4>~l+^j^-^ o ^^^^-(A:) o (k^)~^)(^;) = A^z where 
defined, and As — as s — )■ sq- 

(c) for any z G 5]so,i in the complement of the W^^, lims_i.so(0i,s(-2)) = z; 

(d) 4'is3^sTs(i) converges to js^^ , uniformly in all derivatives on compact sets; 

(e) if Zi is contained in Sso.fci then Zj = lims^so '/'^^(•^i,^)- 

(f) (p* converges to Usq uniformly in all derivatives on compact sets. 

Remark 3.1.2. It follows from the assumption that : — )■ X is continuous that 
the homology class Us^*[Ss] is locally constant in s G 5. Indeed continuity implies 
that for s sufficiently close to sq, ug is homotopic to a map of the form vsojs where 
7s : Ss — )■ Esq is a map to the central fiber Ss,, which collapses the gluing regions 
to the node. Since each 7s = 7s|Ss maps [Ss] to [Ssoli the claim follows. 

In particular, taking S to be the topological space given as the closure of the set S* 
of rational numbers of the form l/i,i G Z>o, we say that a sequence of holomorphic 
maps Uj : Ej — )• X Gromov converges if it extends to a continuous family over S. To 
state the Gromov compactness theorem, recall that the energy of a map u : S — )• X 
is 




Theorem 3.1.3 (Gromov compactness). Let X,u}, J be as above. Any sequence Ui : 
Sj — 7- X of stable holomorphic maps with bounded energy has a Gromov convergent 
subsequence. Furthermore, the limit is unique. 
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For references and discussion, see for example [14i Theorem 1.8]. The definition of 
Gromov convergence passes naturahy to equivalence classes of stable maps. A subset 
C of Mg^ni^jd) is Gromov closed if any sequence in C has a limit point in C, and 
Gromov open if its complement is closed. The Gromov open sets form a topology 
for which any convergent sequence is Gromov convergent, by an argument using [15\ 
Lemma 5.6.5]. Furthermore, any convergent sequence has a unique limit. Gromov 
compactness implies that for any E > 0, the union of Mg^„(X, d) over d G H2{X, Z) 
with {d, [u]) < E is a compact, Hausdorff space. 

Definition 3.1.4. Let X,uj,J be as above. A stratified- smooth family of nodal J- 
holomorphic maps over a space S is a pair (Ss',?/^) of a stratified-smooth family 
of nodal curves S5 — )• S together with a continuous map us : — )• X such 
that the restriction Us of u to any fiber is holomorphic, and the restriction 
of Us to any stratum Er is smooth. A stratified-smooth deformation of a stable 
J-holomorphic map (S,n) is a germ of a stratified-smooth family {T,s,us) together 
with an isomorphism of nodal maps z. : Sq ^ S such that l*u = uq. A deformation 
(E5,'U5,t) of is versal if any other (germ of) family of marked, nodal curves 

(S',So) — >• ('S",0) is induced from a map ip : S' ^ S in the sense that there exists 
an isomorphism (/> : S' — t- S X5 S" in a neighborhood of the central fiber Sq, and u' 
is obtained by composing projection on the first factor with u. A versal deformation 
is universal if the map (j) above is the unique map inducing the identity on Sq. 

3.2. Smooth universal deformations of regular stable maps of fixed com- 
binatorial type. Let n : S — t- X be a stable map. For p > 2 define a fiber bundle 
^ by 

B = JiY.) X Map(S,X)i,p, = tx*rX)o,p, 

where the latter is the space of (0, l)-forms with respect to the pair (j(C)i J)- Con- 
sider the Cauchy-Riemann section, 

d : B ^ £, (j, u) djU, dju = ^(d^i o j(C) — Ju° du). 

Let 

ev : i3 ^ X^™, u ^ {u{w];),uiwf ), . . . , u{w~^) , u{w:^J) 

denote the map evaluating at the nodal points. The space of stable maps of type F 
is given as {d, ev)~^(0). To obtain a Fredholm map, we quotient by diffeomorphisms 
of E, or equivalently, restrict to a minimal versal deformation S5 — t- 5 of S of fixed 
type. This means that for each (" G Defr(E) near we have a complex structure 
on S, which we may assume agrees with j = j(0) near the nodes. Then the 
Cauchy-Riemann section induces a map 

Defr(S) X n'^{T,,u*TX) S. 

Linearizing the Cauchy-Riemann section, together with the differences at the nodes, 
gives rise to a Fredholm operator 

m 

Du ■■ Defr(S) x Jl°(S,u*rX) ^ n^'\^,u*TX) e ^u{wf)*TX 

i=l 
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(6) 

DuiCO ■■= (4'(VC - lj{u)duDj{0 - ^Mv^JUdu)), i^wt) - eK-))^i) 

given by the linearized Cauchy-Riemann operator on each component, and the dif- 
ference of the values of the section at the nodes wf, . . . , w^. The map u = (E, u, z) 
is regular if is surjective. This is independent of the choice of representatives 
j{C)'- any two such choices j'(C))j(C) are related by a diffeomorphism of S. The 

space of infinitesimal deformations of u of fixed type is 

Defr(u) = ker(i)„)/aut(S). 
The space of infinitesimal deformations of u is 

m 

Def(w) = Defr(n) e 0T^+S » T^-S 

i=l ^ ^ 

where F is the type of u. 

Theorem 3.2.1. Let X,uj,J be as above. A regular marked nodal J -holomorphic 
map u = z) admits a strongly universal deformation (S^, M5, 25) with param- 

eter space S C Defr(u) of fixed type if and only if u is stable. 

Proof. Let be a stable map to X and S d Defr(S) a minimal versal 

deformation of S of fixed type constructed in ([2]) . We may write any map C'^-close 
to u as exp„(0 for some i £ 0°(S,u*rX). Let ^'^(0 : u*TX ex.p^{C)*TX 
denote parallel transport along geodesies with respect to the Hermitian connection 
V = V — ^ J(VJ); here V is the Levi-Civita connection, see [HI Chapter 2]. This 
defines an isomorphism 

(7) ^uiCr' ■■ f^-''(S,expje)*rX) ^ n°^'\^,u*TX). 

where subscript j denotes the space of 0, 1-forms taken with respect to the complex 
structure j on S. There is an isomorphism of u*TX) with n'<'\T,,u*TX) 

given by composing the inclusion 

n^.'^^^{T,,u*TX) n^{T,,u*TX)c = n^{T.;u*TX) (S)rC 
with the projection n^{T.;u*TX) 0rC^ n*rX). We denote by 

the resulting map; one can think of this as a connection over the space of complex 
structures on S on the bundle whose fiber is the space of 0, 1-forms with respect to 
j{C)- By composing we obtain an identification 

(8) *,,n(C,0"' : f)°^J)(S,expjC)*rX) ^ nf\i:,u*TX). 
Define 

Tu ■■ Defr(S) X J7°(S,n*rX) ^ n*rX) 
(CO ^ *,,n(C,0"'(^,(c)(expJO))- 
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The operator is the hnearization of J-u- The imphcit function theorem imphes 
that if u is regular then the zero set of J-u is modelled locally on a neighborhood 
of in ker(Du). Furthermore, by elliptic regularity the zero set consists entirely of 
smooth J-holomorphic maps [15^ Section B.4]. Thus we obtain a smooth family of 
stable maps in a neighborhood of in ker(Z)„). The action of Aut(ti) on the space 
of stable maps with domain S induces an inclusion of the Lie algebra aut(u) into 
ker(Du). Restricting to Defr(?i), identified with a complement of aut(S) (that is, a 
slice for the Aut(n) action) gives a family (£5,^5) — )• S C Defr(ii) of fixed type. 
The family {Yis-,us), together with the canonical identification t of the central fiber 
with S, is a universal smooth deformation of fixed type. Indeed, another smooth 
family (Ss/,^^/) over a base S' is in particular a deformation of the underlying 
curve. After shrinking S", each fiber of (S^/, n'^,) corresponds to a zero of Fu, and so 
lies in the image of the map given by the implicit function theorem. The uniqueness 
part of the implicit function theorem gives a smooth map ip : S' ^ Defr(ti) and 
an identification S5/ — t- ip*Yis- Any two such maps inducing the same map on the 
central fiber are close in a neighborhood of the central fiber. Since the automorphism 
groups of the central fibre are discrete, any automorphism group is discrete. Thus 
any two such automorphisms defined in a neighborhood of the central fiber, and 
equal on the central fiber must be equal in a neighborhood of the central fiber. This 
shows that the identification is unique, so that the deformation given by the gluing 
construction is universal. 

If u is not stable, then it has no universal deformation since the identification with 
the central fiber is unique only up to a continuous family of automorphisms. □ 

Let M^'^^p(Ar, d) denote the moduli space of regular stable maps of combinatorial 
type r. A family us over S C Defr(n) induces a map 

(9) S^MlJ^^{X,d), s^[us\ 

where \us\ denotes the isomorphism class of : — )■ X. 

Theorem 3.2.2. For any g, n, d and combinatorial type V with m nodes, M^^^^{X, d) 
has the structure of a smooth orbifold of dimension {l—g){diin{X)—6)+2{ci{TX), d) — 
2m + 2n, with tangent space at [u] isomorphic to Defr(ti). 

Proof. By Theorem l3.2.H the maps ([9]) for families giving universal deformations are 
homeomorphisms onto their image and provide compatible charts. The dimension 
formula follows from Riemann-Roch: The index of may be deformed to a complex 
linear operator by homotoping the zero-th order terms (which define a compact 
operator) to zero. □ 

3.3. Constructing stratified-smooth deformations of varying type. The main 
result of this section is Theorem 11.0. 1|, which is probably well-known, cf. [19], |21j . 
but for which we could not find an explicit reference. The theorem itself will not 
be used, but the estimates involved in the proof will be needed later for the corre- 
sponding result for vortices. The proof uses a gluing construction for holomorphic 
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maps, which produces from a smooth family of holomorphic maps of fixed type, a 
stratified-smooth family of maps of varying type. 

Step 1: Approximate Solution 

Definition 3.3.1. Let S be a compact, complex nodal curve. A gluing datum for 
S consists of 

(a) a collection of gluing parameters = (Ji, . . . , ^m) in the bundle / of ([3]); 

(b) local coordinates near the nodes for j = 1, . . . ,m; 

(c) a parameter p which describes the width of the annulus on which the gluing 
of maps is performed; 

(d) a gluing profile if, see Definition I2.2.7t 

(e) a smooth cutoff function 

(10) a:C^[0, 1], a{z) = 

We first treat the case that ip is the standard gluing profile. Let a gluing datum 
be given, and denote the glued curve from ([2]). Let n : S — t- X be a holomorphic 
map. Near each node Wk let i^{k) denote the components on either side of Wk- In 
the neighborhoods (assuming they have been chosen sufficiently small) define 
maps 

-^k ^ ^^fc^' ^i±{k)iz) = exp^^(^^(z)) 
where Xk = u{wk) and exp^,^ : T^^X — X denotes geodesic exponentiation. Given a 
holomorphic map u : S — )• X, and a gluing datum (5, k, (p, a) define the pre-glued 
map by interpolating between the maps on the various components using the given 
cutoff function and local coordinates: = u{z) for z ^ ^kU^ and otherwise 

(11) u'{z) = e^p,^{a{4{z)/p\6k\'/^)^^{z)) z G C/±. 

Remark 3.3.2. The same formula but with domain S (not the glued curve) defines 
an intermediate map Uq : S — )• X which is constant near the nodes. The right inverse 
of D,^6 will be used in the gluing construction. 

First we estimate the failure of to satisfy the Cauchy-Riemann equation. Define 
on S*^ the C'^-metric g by the identification 

(12) = S - U 4(^141^/^(0))/ (4(^^|5.|V2(0)) ~ (ai?|,^|,/.(0))) 

k,± 

using a Kahler metric on S, see Figured! The generalized Sobolev spaces W'-^P with 
respect to this metric are defined for p > 1 and integers I G {0, 1}, see f2] or 0. For 
any vector bundle E we denote by ^(2*^, E)i^p^s the space of W^'^ forms with values 
in E. If p = oo the norm is independent of 6 and we drop it from the notation. Let 
II ■ \\k,p,5 denote the Sobolev l^'^'^'-norm on ^}^{u*TX) defined using the (5-dependent 
metric (I12p . 



JO |z| < 1 1 
1 1 |z| > 2 j • 
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Figure 1 . Continuous metric on a glued curve 

Proposition 3.3.3. Suppose that u : ^ X is a stable map, and : T,^ ^ X 
is the pre-glued map defined in pT]) . defined for 5 sufficiently small. There is a 
constant c and an e > such that if \\6\\ < e, p > 1/e, and \6k\'^p < e, k = 1, . . . ,m 
then 

m 
k=l 

Proof. Compare with McDuff-Salamon [151 Chapter 10]. The error term du{6) can 
be estimated by terms of two types; those involving derivatives of the cutoff functions 
and those involving derivatives of the map ^fc. The derivative of exp^^ is approxi- 
mately the identity near the node. The derivatives of a grow like l//9|<5fc|i/2^ while 
the norm of is bounded by a constant times on the gluing region. The 

term involving the derivatives of a is bounded and supported on a region of area 
less than vrp^|(5fc| for each node. The derivatives of are also uniformly bounded, 
and the area bound gives the required estimate. □ 

Let — )• S with S C Defr(S) be a family giving a minimal versal deformation 
of E of fixed type, and ^5^(5) Sg C Def(S'^) a family giving a minimal versal 
deformation of S^. The gluing construction ([2]) applied to the family S5 produces 
a map 

(13) Defr(S)^ J(S^), C^/(C) 

which maps any deformation of the original curve to the corresponding deformation 
of the glued curve. In other words, any variation of complex structure on T, of 
fixed type induces a variation of complex structure on S^. Similarly, for any ^ G 
n°{T.,u*TX) we obtain an element G n^{T.\u*TX). 

Proposition 3.3.4. Suppose that u,u^ are as above, and G Defr(u). There 

is a constant c and an e > such that if \\5\\ < e,p > 1/e, \\(\\ + < o,nd 

1 5fc < e for k = 1 , . . . , m then 

m 

I|5,.(c)exp„.(e^)||^_p_,<c5^(|5,|i/V)'. 

k=l 
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Step 2: Uniformly hounded right inverse 

We wish to show that the map in Proposition 13.3.4] can be corrected to obtain a 
holomorphic map. Define 

(14) : Defr(5]) x u^'*TX) n°^\^\ u^^*TX) 

(CO ^ *,v(C,0"'(^,.(c)(exp„.(e))). 

Here the operator j^^^ is as in (l8|). Let D^iC) be the associated hnear operator, 
that is, the hnearization of (jl4p at ^. This operator naturahy extends to a map from 
Sobolev 1 , p-completion of the second factor of the domain to the O,p-completion 
of the codomain. We denote by l)f := -D^(O). We will construct an approximate 
inverse 

(15) Ts : J^°'^(S^n^'*rX) ^ Defr(S) © ^^°(S^ n'^'*rX) 

to l)f . The construction depends on a carefully chosen cutoff function: 

Lemma 3.3.5. [151 Section 10.3] For any 5 > 0, p > 1 there exists a function 
f^p^S : M? — ^ [0, 1] that satisfies 



1^1 < ^/^/p 

1 \z\ > ^/6p 

and for all ^ G W^^P{Bp\Sk\) satisfying ^(0) = 

(16) ||(V/32;p,5)el|0,p < clogip^^+^/PUlkp, l|/32;p,5||l,2 < C log(p2)-l/2. 

Recall the map uq from Remark 13.3.21 

Lemma 3.3.6. For sufficiently small 6 there exists a right inverse Q^s of D^s with 
image the L'^ -perpendicular of the kernel of D^s. 

Proof. Consider the maps defined by parallel transport using the modified Levi- 
Civita connection, H", : VL^{T,, {ui)*TX) [^^(S, {u^yTX) ^'^ : [^^'^(S, {uiyTX) - 

17°'i(S, ('u'^)*rX). The operator ^-^Z^v (n^)-^ approaches the operator as 

' Uq 

5—7-0, c.f. \15\ Remark 10.2.2]. The statement of the lemma follows. □ 

Define the approximate right inverse for l)^ by composing the right inverse Q^s 
with a cutoff and extension operator: Ts := P^Q^sK^, defined as follows. The cutoff 
operator 

Ks : ^^'\u^ * TX)o,p,5 ^ J70'i(uo'*TX)o,p 

is defined by 

I otherwise 

We have ||-ftr5?7||o,p < ||?/||o,p,<5 by definition of the 0,p, 6 norm. The extension operator 
Ps : Defr(S) © 0°(S, uf, * TX)i^p^s ^ Def (S'') © rj°(S^ u^'*TX)i^p^s 
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is defined as follows. For each component Sj let S* denote the complements of small 
balls around the nodes 

= Si - IJ S|5^(^)[l/2/p(u;f ) 

and the inclusion vrj : S* — t- T,^ induces a map vTj^* 
Define 

^5(c,6 = (c',e') 

where is the image of ( under the gluing map (jl3p and is obtained by patching 
together the sections ^; on the gluing region arising from gluing the fc-th node Wk 
the section is given by the sum 

Fix a metric || • || on the finite-dimensional space Defr(S) and define 

\\{c,mi,p,s = {\\cr + \mip,sy^'- 

Proposition 3.3.7. Let u : S — t- X be a stable map. There exist constants c, C > 
such that if \\S\\ < c then the approximate inverse Tg of (jlSp satisfies 

\\{DiTs-I)v\\o,p,s<\\\v\kp,s, \\Ts\\<C. 

Proof. By construction Ts is an exact right inverse for Z)^ away from gluing region. 
In the gluing region the variation of complex structure on the curve vanishes and 
= Dx^., the standard Cauchy-Riemann operator with values in Tx^.X. So 

DiTs-q-r] = ^^k(^2;p,s{z){Ci±(k){z) - £.i±(k){wk)) 

= ^iDxj2;p,s{z))(.i±(k)iz) 

since Kgr] = on i?|^^|i/2(0) in the components adjacent to the node. Since p > 2, 
the 0,p, (5-norm of the right hand side is controlled by the ordinary norm. By 
(fTHll we have 

11^^^577-77110,^,5 < ^C|l0g(p)p/P-2||^^^^^^ _^(^^)||^_^. 

k 

The last factor is bounded by ||-R'5r/||o,p, by the uniform bound on Qs, and hence 
ll^llo,p,(5) by the uniform bound on Kg. □ 

Define a right inverse Qs to by the formula 

Qs = TsiDiTs)-' = Y,Ts{DiTs - if. 

k>0 

The uniform bound on Ts from Lemma 13.3.71 implies a uniform bound on Qs- 
Step 3: Uniform quadratic estimate 
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Proposition 3.3.8. Let u : T, ^ X be a stable map, 6 a collection of gluing pa- 
rameters, and : T,^ ^ X the approximate solution defined above. For every 
constant c > there exist constants co,So > such that if u ^ Map(S, X)i^p, ^ G 
QO(S^'u'^'*rX)i,p 

||dn||o,p < CO, Uh^ < CO IICII < CO, \\6\\ < 6o 

then 

iiP-^f (c,e,Ci,ei) - ^f)(Ci,ei)iio,p,5 < ciic,eiii,p(iici,6iii,p. 

Here DJ^^{(, denotes the derivative evaluated at C,C) applied to Cij^i- We 

use similar notation throughout the discussion. The proof uses uniform estimates 
on Sobolev embedding: 

Lemma 3.3.9. There exists a constant c > independent of 6 such that the embed- 
ding 

has norm less than c. 

Proof. One writes the Sobolev norms as a contribution from each component of the 
curve S. Then on each piece, the metric near the boundary is uniformly comparable 
with the flat metric. The claim then follows from [21 Chapter 4] which shows that 
the constants in the Sobolev embeddings depend only on the dimensions of the cone 
in the cone condition. □ 

Proof of Proposition. For simplicity we assume a single gluing parameter 5. Let 
^'^'''(CO : A^'^r^S"^ T^X A'^.'I^^^T*^ (g) rexpjg)X denote pointwise parallel 
transport as in ([7|) using the parallel transport using the modified Levi-Civita con- 
nection, and projecting onto the 0, 1-part of the form defined using the complex 
structure obtained from gluing j(C), see p^ . Let 

ei'"(C, e, Ci, 6; r/) = Vt^t'^iC + tCi, ^ + tCi)ri. 

For ^, T] sufficiently small there exists a constant c such that 

(17) \e'u''iC,tCi,Ci;r])\<cU,C\\Ui,Ci\M\ 

where the norms on the right-hand side are any norms on the finite dimensional 
vector spaces Tj]Mg^n,r and TxX. This estimate is uniform in S, for the variation 
in complex structure vanishes in a neighborhood of the nodes. Differentiate the 
equation ^'^(C, C)-^m(C) = 9jS(^Q{expuS with respect to (Cii^i) to obtain 

(18) @u4C,tCi,Ci,HiC,0) + <iC,mDTtiC,tCi,Ci)) = 

Using the pointwise inequality 

|J-f(C,OI < c|dexp,.(0| < cddn-^l + |Ve|) 
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for C, ^ sufficiently small, the estimate (jlTD on $ produces a pointwise estimate 

\iKr\miic,c,ci,^i,Hic,o)\<c{\du'\ + \vc\)\ic,o\m,ci)\. 

Hence 

(19) ii^;/(O0'(c,e,Ci,6,-^.'(c,e))iio,p 

< c(l + ||dnio,p + ||VC||o,p)||(e,C)l|o,oo||(6,Ci)l|o,oo. 

It follows that 

(20) \\¥^{0-'&i{C,tCi,^i,H{CO)\\o,p < c||(^,C)lli,pll(ei,Ci)lli,p 

since the W^'"^ norm controls the L°° norm by Lemma 13.3.91 

We next show that there exists a constant c > such that uniformly in 5, 
(21) 

ii^.^(e)"'^'(c,^/(c,Ci),^exp„.(e,ei))-i?f(Ci,ei)iio,p<c|ic,^iii,piiCi,6iii,p. 

Indeed differentiate (jl4p to obtain 

(22) Di{C,DfiC,Ci),Dexp^s{C,Ci))=V''/^^^Dexp^s{^,^i)- 

l^^j's]^) Je^P^s (S) d exp„* iO Dj^ (C, Ci ) - ^exp^, (0 ( exp„ ^exp^, ({) ) ^ exp„^ (C) . 
Hence 

5^(^,D/(C,Ci),^exp„.(C,6)) - ^u40Di{Ci,^i) = Hi + Ha + n3 
where the three terms ni,n2,n3 are 

Hi = V°^|^)Z?exp,.(e,6) - ^„.(0V°4)ei 

n2 = -^7r°lJ^/expJ0dexp„.(6^/(C,Ci) + *n^(0vr°4)^J„.dn^D/ 

The first difference has norm given by 

(23) |7r°i;^^(V(I)exp,,(e,ei)) - ^.^(OV^i)! 

<|7r°^^(^)(V(Z)exp„.(e,6))-I)exp,,(e,Vei))|+|vr°i;^)(I)exp„.(e,Vei^ 

< civeiieii + c(ici + iei)|v6i + c|dn'^iieii6|. 

We write for the second difference 

(24) |7r°i;^)(Je,p^^(^)dexp,.(e)Z)/(C,Ci) - ^„.(e) J„*dn'^I)j^(0, Ci))| 

< |vr°^;^)(Jexp„,(Odexp„*(0^i'(C,Ci) - Je.p^siO'^u40<iu'Dj'{0,Ci))\ + 
|vr°4(Jexp^,(O^„^(Odu'^^/(0, Ci) - ^^siOJudu'Dj'iO, Ci))| 

<c(ici + iei + idtx'^i + ivei)iici|. 
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The third term can be estimated pointwise by 

^ I "^exp^i (0 (Vd cxp„(C,?i) "^exp^, (€))^j*(C) '^^P"* iO-Je^p^g (0 D cxp^f "^exp,,^, («) )^i''(0) exp„ 

+ |-^exp^i(0(V£'cxp„(C,6)'^exp^HO)^i*(0) ^Xp^i (0 " (0-4* (^^ <^«*0^j*(O)"''l 
< cICKIdn^l + |Ve|)|al + C{\du'\ + |Ve|)(|6|) 

for ^ sufficiently small. Combining these estimates and integrating, using the 0,p, 6- 
norms on du, V^, V^i and the L°° norms on the other factors and Lemma 13.3.91 
completes the proof. □ 

Step 4-' Implicit Function Theorem 

For any (Co^^o) £ Defr(u) we denote by Co the deformation of T,^ defined in ([T3|) 
and by the section of u^'*TX defined as in (fTTj) . 

Theorem 3.3.10. Let u : S — >• X be a stable map. There exist constants eo,ei > 
such that for any (Co)?0)^) £ kerZ)„ x M*" of norm at most eo, there is a unique 
(Ci)^i) = (DuTvi of norm at most ei such that the map exp„«(^Q + ^) is j^{Co + Ci)- 
holomorphic, and depends smoothly on Coj'^o- 

Proof. The first claim is an application of the quantitative version of the implicit 
function theorem (see for example [151 Appendix A. 3]) using the uniform error bound 
from Proposition 13. 3. 3} uniformly bounded right inverse from Proposition 13.3.71 ^-i^d 
uniform quadratic estimate from Proposition 13.3.81 □ 

Step 5: Rigidification 

In the previous step we have constructed a family of stable maps which we will 
show eventually gives rise to a parametrization of all nearby stable maps. A more 
natural way of parametrizing nearby stable maps involves examining the intersec- 
tions with a family of codimension two submanifolds. For example, this construction 
of charts is that given in the algebraic geometry approach of Fulton-Pandharipande 
|10j . In order to carry this out in the symplectic approach, we study the differentia- 
bility of the evaluation maps. Let : S5 — )• X over a parameter space S C Def(u) 
be the family of maps defined in the previous step. The following is similar to [9l 
Lemma Al.59]. 

Theorem 3.3.11. // us is constructed using the exponential gluing profile ip and 
U G T, is an open neighborhood of the nodes then the map {z,s) 1— )• Us{z) is differ- 
entiable on a neighborhood of (S — [/) x {0}. 

Proof. For simplicity, we assume that there is a single gluing parameter 5. Differen- 
tiability for 6 is studied in McDuff-Salamon [15', Section 10.6]. The discussion in our 
case is somewhat easier, because we use a fixed right inverse in the gluing construc- 
tion. Given (CO ^ Defr(S) x Q0(S^ {u^fTX), we constructed a unique correction 
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(Ci)Ci) ill the image of the right inverse such that c?ji(^g+^j) exp„i(^o + Ci) = 0. For 5 
fixed, (Ci)^i) depends smoothly on (Coj^o)) by the imphcit function theorem. Hence 
the evaluation at z £ T, — U also depends smoothly on (CoiCo)- 

The computation of the derivative with respect to the gluing parameter is com- 
plicated by the fact that for each 6 a different implicit function theorem is ap- 
plied to obtain the correction. Let = DT^s. Differentiating the equation 

with respect to 5 gives 

-.-bs fo,Dexp„.(eo^ + 6,^u^O) 



bs 

Prom (jlip we have in the gluing region, 



^Ci,^exp„.(^^ + 6,0, ^6) 



d5 



^5exp,((a(p^-V2|^|)e(,)) 



d 



Z)exp, ( a(pv^-i/2|z|)e(z),a'(py,-i/2|z|)|z|e(z)-^"V2^ 



0,1 



Hence there exists a constant C depending on p, a but not on 5 such that 



(25) 



^75 5 



< c 



d -1/2 
d5^ 



Now dip is given by 

For 6 small, this is less than ^e~^/^'^5^^. Integrating and using the pointwise estimate 



5]) we obtain for some constant C > 0, 



0,p 



for sufficiently small 6. Now the uniform quadratic estimates imply that = 
D-F„i(C, is uniformly bounded from below on the right inverse of Z)f = DT^{0, 0), 
for (Coi'^o) sufficiently small. It follows that 



for CojCo)^ sufficiently small as well. Hence the same is true for the evaluation 
for z G S — [/. In particular, lim5_5.o(95 exp^a(^Q -|- ^\))(^z) = 0. It follows 
that the differential of the evaluation map has a continuous limit as (5 — t- 0, which 
completes the proof of the Theorem. □ 



Using the evaluation maps in the previous step, we construct embeddings of the 
families constructed above into suitable moduli spaces of stable marked curves, given 
by adding additional marked points which map to fixed submanifolds in X. A 
codimension two submanifold 1" C X is transverse to n : S — )■ X if « meets Y 
transversally in a single point u{z). 
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Definition 3.3.12. Let u : T, ^ X he a. stable map. Given any family Y = 
(Yi, . . . , Yi) of codimension two submanifolds transverse to u and a family S5, us, zg 
with parameter space S of an n-marked stable map (S, n, z), the rigidified family of 
n + ^-marked nodal surfaces is defined by 

(26) Sp" := (S5, {zi^s, • • • , Zn+e,s)) -S, Us{zn+i,s) e 1^. 

Proposition 3.3.13. Let us be a family of stable maps over a parameter space 
S C Def(n) given by the gluing construction using a gluing profile ip and system of 
coordinates k. Suppose that the evaluation map ev : (S — [/) x 5 — t- X zs C^, and 
that the rigidified family has stable underlying curves. Then the rigidified family of 
curves is with respect to the gluing profile and local coordinates, that is, the 
map S I— >■ Mg^n+i, s 1— )■ S^'" is with respect to the smooth structure defined by 

ip,K. 

Proof. By the implicit function theorem for maps and differentiability of evalu- 
ation maps from the previous subsection. □ 

Definition 3.3.14. Let Y,u be as above. The pair (Y,u) is compatible if 

(a) each Yj intersects u transversally in a single point Zj G S; 

(b) if ^ e ker(L)„) satisfies C{zn+j) e Tu(z„+j)Yj for j = 1, . . . , / then ^ = 0; 

(c) the curve S marked with the additional points Zn+i, ■ ■ ■ , Zn+£ is stable; 

(d) if some automorphism of (S,n) maps Zi to Zj then Yi is equal to Yj. 

The second condition says that there are no infinitesimal deformations which do 
not change the positions of the extra markings. 

Proposition 3.3.15. Letu be a parametrized regular stable map, and us the stratified- 
smooth universal deformation constructed in Theorem \3.3.1 0\ with base S C Dei{u). 
There exists a collection Y compatible with u. Furthermore if the evaluation map is 
as in Proposition \3.3.T3\ then Sp" defines an -immersion of S into Def(S^'"). 

Proof. First we show the existence of a compatible collection. Given a regular sta- 
ble map (S, z = (zi, . . . , Zn),u : S — )• X), choose Yi, . . . , transverse u on the 
unstable components of S, so that Si = (S, (zi, . . . ,Zn+k)) is a stable curve. Let 
S5j^i —7- 5*1 denote a universal deformation of Si. By universality, the family S^' 
is induced by a map -0 : S* — )■ 5*1. We successively add marked points until -0 is an 
immersion: Suppose that ^lJ is not an immersion. Then we may choose an additional 
marked point Zn+k+i G S such that dev„+fc+i is non-trivial on keiDtp. Since u is 
holomorphic, du{zn+k+i) is rank two at Zn+k+i- Let Yn+k+i C X be a codimen- 
sion two submanifold containing u{zn+k+i) such that u is transverse to Yn+k+i at 
Zn+k+i, and Yn+k+i is transversal to ev„+fc+i at S,m. Suppose Zn+n'+i has orbit 
Zn+k+i, Zn+k+2, ■ ■ ■ , Zn+i Under the group Aut(u). Repeating the same submanifold 
for each marking related by automorphisms gives a collection invariant under the 
action of automorphisms. The map Vi for the new family has property that the 
dimension of ker(L'?/;i) has dimension at least two less than that of ker(Di/)). It 
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follows that the procedure terminates after adding a finite number of markings. The 
last claim follows from the second condition in Definition 13.3.141 □ 

Step 6: Surjectivity 

In this section, we show that the family constructed above contains a Gromov 
neighborhood of the central fiber. First we show: 

Proposition 3.3.16. There exists a constant e > such that any stable map (Si, ui) 
with complex structure on Ei given by j^{C) for some ( S Def(S''), and ui : = 
exp„5(^) with llClP + llCllipi < e is of the form in Theorem \3.3.10\ for some (Ci,Ci) £ 

lm{Dir. 

Proof. Compare with [151 Section 10.7.3]. Let (CiO be as in the statement of the 
Proposition. We claim that = (Cqj^o) + (Cij^i) for some (Co)^o) ^ ker(Z)tt) 

and (Ci,6) G Im((^«)*) with smah norm. It then follows by the implicit function 
theorem that (Ci , ) is the solution given in 

Theorem [Mini Now C = Co for 

some 

Co G Defr(S) and gluing parameters 6, because Def(S'^) is the direct sum of the 
image of Defr(S) and C™. By the gluing theorem for indices (see e.g. [231 Theorem 
2.4.1]), the image of Defr(u) under the gluing map projects isomorphically onto 
ker{Dfi) for 6 sufficiently small, and so Defr('u) is transverse to Im(L>^)*, for S 
sufficiently small. The claim then follows from the inverse function theorem. □ 

Given a regular stable u with stable domain, consider the family of J-holomorphic 
maps Us produced by Theorem l3.3.10l with parameter space a neighborhood 5 of in 
Def (u), equipped with a canonical identification l of the central fiber with the original 
map u. In the case that the domain E is not a stable (marked) curve, we choose 
codimension two submanifolds Y = (Yi, . . . , Yi) meeting u transversally so that S 
with the additional marked points is stable. Applying this to the family us gives a 
family of marked stable maps u^ with n + I marked points over a parameter space 
S C Def(u^) in the deformation space of the map with the additional marked points. 
Now Def (u^) = Def (tt) © 0'=i T^^T, includes the deformations of the markings, but 
these are fixed by requiring that the additional marked points map to the given 
collection Y. Forgetting the additional marked points gives a family us of stable 
maps with n marked points over a neighborhood of in Def(n). 

Proposition 3.3.17. {us,i) is a versal stratified- smooth deformation of u, and in 
fact Us gives a versal stratified- smooth deformation of any of its fibers. 

Proof. First suppose that S is stable. Let (ti^i, t^) be another stratified-smooth de- 
formation of u with parameter space S^. Let S5 — )• 5 C Def(S) be a minimal versal 
deformation of S. The family S^j is obtained by pull-back of S5 by a stratified- 
smooth map Tp : ^ S. By definition the map ul converges to the central fiber in 
the Gromov topology as s converges to the base point G 5^. The exponential decay 
estimate of [15^ Lemma 4.7.3] for holomorphic cylinders of small energy imply that 
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for s sufficiently close to 0, S^, u] is given by exponentiation, ul = exp„i(^) for some 
C £ n°{u^'*TX) with \\C\\i,p < ei, for s sufficiently close to 0. Proposition 13A16J 
produces a stratified-smooth map ^ : ^ Def(u) such that u^i is the pull-back of 
tp. To show that the deformation {us, l) is universal, let : S^i — t- ijjjTis,j = 0, 1 
be isomorphisms of families inducing the identity on the central fiber. The difference 
between the two automorphisms is an automorphism of the family S^i inducing the 
identity on the central fiber; since the automorphism group of the central fiber is 
discrete, the automorphism must be the identity. In the case that S is not stable, 

1 Y 

after adding marked points passing through Yi, . . . ,Yi, we obtain a family u^i of 
stable maps with n + / marked points. By the case with stable domain, this family 
is obtained by pull-back of Ug by some map — )■ S. Hence u^i is obtained by 
pull-back by the same map. The argument for an arbitrary fiber is similar and left 
to the reader. □ 

Remark 3.3.18. In the case that S is unstable, it seems likely that restricting the 
family of Theorem 13 . 3 . 1 1 to Def(u) (that is, the perpendicular of aut(S)) also gives 
a universal deformation, but we do not know how to prove this. The problem is that 
in this case, several different gluing parameters give the same curve, and we do not 
have an implicit function theorem for varying gluing parameter. 

Step 7: Injectivity 

By injectivity, we mean that the family constructed above contains each nearby 
stable map exactly once, up to the action of Aut(u). This is part of what we called 
"strongly universal" in Definition 12.2.41 

Theorem 3.3.19. The versal deformations constructed in Step 6 above are strongly 
universal. 

Proof. Let us be a deformation constructed as in Step 6, using the exponential gluing 
profile. Let Si. 51 — )• 5"^ be a family giving a universal deformation of the curve E^'" 
obtained by adding the additional markings mapping to the given submanifolds. By 
Definition 13.3.141 the family Sp" induces a map (j) : S ^ Si whose differential is 
injective in a neighborhood of 0. By the inverse function theorem for maps, (f) 
induces a homeomorphism onto its image. In particular, any two distinct fibers of 
S^''' are non-isomorphic, and so two fibers of S5 are isomorphic if and only if they 
are related by a permutation of the markings. After shrinking S, this happens only 
if the permutation is induced by an automorphism of u. Given another family u'g, : 
S5/ — )• 5" corresponding to a deformation of a fiber of us — )• 5*, by the uniqueness 
part of the implicit function theorem, a map : 5" — )• Si so that u'g, is obtained 
by pull-back from U5, and this map is unique by the injectivity just proved. This 
shows that us gives a stratified-smooth universal deformation of any of its fibers, 
and so is strongly universal. □ 

The Theorem implies that the families in the universal deformations constructed 
above define stratified-smooth-compatible charts for the moduli space Mg^„(X, d). 
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That is, for any stratum Mg^n,r{X, d), the restriction of the charts given by the uni- 
versal deformation of some map of type F to Mg^n,TiX, d) are smoothly compatible. 

Corollary 3.3.20. LetX, J be as above. For any g > 0,n > 0, the strongly universal 
stratified- smooth deformations of parametrized regular stable maps provide M^^^(X) 
with the structure of a stratified- smooth topological orbifold. 

In order to apply localization one needs to know that the fixed point sets admit 
tubular neighborhoods. For this it is helpful to know that M^g f^(X,d) admits a 
structure. In order to obtain compatible charts, we construct the local coordinates 
inductively as in Definition 12.2.61 starting with the strata of highest codimension. 

Proposition 3.3.21. Let X, J be as above. For any compatible system of local 
coordinates near the nodes, the strongly universal deformations constructed using 
the exponential gluing profile equip M^gf^{X) with the structure of a -orbifold. 

Proof. We claim that the charts induced by the universal deformations are C^- 
compatible, assuming they are constructed from the same system of local coordinates 
near the nodes. Given two sets of submanifolds Yi,Y2, define Y = Y1UY2. The 
family S^'" admits proper etale forgetful maps Sp" — >• ^J'^, j = 1,2. The fiber 
consists of reorderings of the additional marked points induced by the action of 
Aut($], n), and the diagram provided by S^'" expresses the composition as a smooth 
C^-morphism of orbifolds. □ 

Remark 3.3.22. Any compact orbifold admits a compatible C°° structure, in anal- 
ogy with the situation with manifolds. Indeed, as is well known any orbifold admits 
a presentation as the quotient of a manifold (namely its orthogonal frame bundle) by 
a locally free group action, and so the orbifold case follows from the equivariant case 
proved in Palais [18]. Hence M^*^^(X, d) if compact admits a (non-canonical) smooth 
structure. Presumably the compactness assumption may be removed but we have 
not proved that this is so. See however the construction of smoothly compatible 
Kuranishi charts in [9l Appendix]. 

4. Deformations of symplectic vortices 

We begin by reviewing the theory of symplectic vortices introduced by Mundet i 
Riera |16j and Salamon and collaborators [5j. Let S be a compact complex curve, 
G a compact Lie group, and vr : P — t- S a smooth principal G-bundle. Given any 
left G-manifold F we have a left action of G on P x F given by g{p, f) = {pg~^,gf) 
and we denote by P{F) = {P x F)/G the quotient, that is, the associated fiber 
bundle with fiber F. Let X be a compact Hamiltonian G-manifold with symplectic 
form uj and moment map $ : X — )• g*. The action of G on X induces an action 
on J{X); and we denote by J{X)'^ the invariant subspace. Let ip : T; ^ BG be 
a classifying map for P, so that P ^ ij)* EG and P{X) ^ i;*EG xq X ^ iI;*Xg 
where Xq = EG xq X. Continuous sections u : S — )• P{X) are in one-to-one 
correspondence with lifts of il) to Xq. The homology class deg(n) of the section u is 
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defined to be the homology class deg(M) G H2{X,'L) of the corresponding lift. Let 
A{P) be the space of smooth connections on P, and P{q) the adjoint bundle. For 
any A G A{P), let Fa € P(0)) the curvature of A. Any connection A E A{P) 

induces a map of spaces of almost complex structures 

J{Xf ^ J{P{X)), J^Ja 

by combining the almost complex structures on X and S using the splitting defined 
by the connection. Let r(S,P(X)) denote the space of smooth sections of P{X). 
Consider the vector bundle 

(27) IJ 0°'i(S,n*T™''*P(X)) ^r(S,P(X)). 

u&T{T.,P{X)) 

We denote by Sa the section given by the Cauchy-Riemann operator defined by Ja- 
A gauged map from S to X is a datum (P, A, u) where A £ A{P) and u : S — )■ P{X) 
is a section. A gauged holomorphic map is a gauged map (P, A, u) such that Oau = 0. 
Let 7i{P,X) be the space of gauged holomorphic maps with underlying bundle P. 
Let G{P) denote the group of gauge transformations 

g{P) = {a : P ^ P,a{pg) = a{p)g, 7roa = 7r}. 

The Lie algebra of ^(P) is the space of sections r2'^(Il,P(g)) of the adjoint bundle 
P{g) = P Xg Q- We identify 0—^0*, and hence P{q) — ^ P(0*), using an invariant 
metric on 0. Let P(^>) : P{X) — )• P{q) denote the map induced by the equivariant 
map <I> : X — )• 0. 

Definition 4.0.23. A gauged holomorphic map {A,u) G %{P,X) is a symplectic 
vortex (or vortex for short) if it satisfies 

Pa + Vo1su*P($) = 0. 

An n-marked symplectic vortex is a vortex (A, u) together with n-tuple z = {zi, . . . , Zn) 
of distinct points on S. A marked vortex {A,u,z) is stable if it has finite automor- 
phism group. 

The equation in the definition can be interpreted as the zero level set condition 
for a formal moment map for the action of the group of gauge transformations, see 
|16j . [5]. The energy of a gauged holomorphic map {A,u) is given by 

E{A,u) = l [ {\dAu\^ + \FA\^ + \u*Pm^)Vols. 

The equivariant symplectic area of a pair [A, u) is the pairing of the homology class 
deg(n) with the class [ujg = w + G H'^{Xg), 

D{A,u) = {deg{u), [ug]) = m,u*[uG]). 

Lemma 4.0.24. Suppose Vols is the Kdhler form for the metric on S. The energy 
and equivariant area are related by 

(28) E{A,u)=D{A,u) + j^(^dAu\^ + ^\FA + Yolj:u*P{^)\^^Yol^. 
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Proof. See [H Proposition 2.2]. 
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In particular, for any symplectic vortex the energy and action are equal. Let 
M(P, X) denote the moduli space of vortices 

M{P, X) := n{P, X)//g{P) = {Fa + Vols n*P($) = Q}/g{P). 

Let Mn{P, X) denote the moduli space of n-marked vortices, up to gauge transforma- 
tion, and M„(S, X) = IJp->.s ^niP, X) the union over types of bundles P. Clearly, 
M„(S,X) is homeomorphic to the product M(S,X) x M„(S) where M(S,X) := 
Mq(T,) and M„(S) denotes the configuration space of n-tuples of distinct points on 
S. 

We wish to study families and deformations of symplectic vortices. For families 
with smooth domain, the definitions are straightforward: 

Definition 4.0.25. A smooth family of vortices on a principal G-bundle P on S 
over a parameter space S consists of a family of connections depending smoothly 
on s E 5, that is, a smooth map As : 5" x P — )• T*P ® g on P such that the 
restriction Ag of As to any {s} x P is a connection, together with a smooth family 
of (pseudo)holomorphic sections us = {us)s£Si such that each pair {As,Us),s G 5 is 
a symplectic vortex. A deformation of {A,u) is a germ of a smooth family (As, us) 
together with an isomorphism (gauge transformation) relating {Ao,uo) with {A,u). 
A deformation is universal if it satisfies the condition as in Definition 13.1.41 and 
strongly universal if it satisfies the conditions in Definition 12.2.41 

We define a linearized operator associated to a vortex as follows. Define 

(29) dA,. : n\E, P{q)) e u*TP{X)) ^ ^^(S, P{q)) 

dA,«(a, := dAO + Vols u*LgP($). 
Here L^P{^) denotes the derivative of P{^) with respect to the vector field generated 
by and u*L^P{^) its evaluation at u. Define an operator 

(30) : Oi(S,P(0)) el^O(S,n*rP(X)) ^ 17°(S,P(0)) 

dX^{a,0 = d\a + u*Lj^P{^). 

(This is not the adjoint of operator in ()32p . but rather defined by analogy with the 
case X trivial.) It is shown in [5l Section 4] that if {A, u) is stable then the set 

Wa,u = {{A + a, exp„(0), (a, e ker d^_^} 

is a slice for the gauge group action near {A,u). Define 

(31) Ta,u ■■ i^Hs,P(0))eoO(s,^z*r™'-*p(x)) 

^ (0° e o2)(s, p(0)) e o°'i(s, u*T^^''p{x)) 

(a,0 ^ (PA+a+Volsexpje)*^'(^),dXJ«,e),^«(0"'^A+aexpje)) • 

Let 

n\^,P{g)) ^ J]i(S,u*T™'^*P(X)), a^ax 
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denote the map induced by the infinitesimal action. The hnearization of the last 
component (i3T]l is 

DA,u{a,0 = (VaO°'' + yu{V^J)udAU + af. 

Here 0, 1 denotes projection on the 0, 1-component. The linearized operator for a 
vortex (^4, u) is the operator 

(32) Da,u = {dA,u, dXu, Da,u) : ^H^, ^(b)) n*T™'^*P(X)) 

^ e P(g)) e n*T™'^*P(X)) 

A vortex (A, u) is regular if the operator Da,u is surjective. A marked vortex (A, u, z) 
is regular if the underlying unmarked vortex is regular. The space of infinitesimal 
deformations of {A,u) is Dei{A,u) := ker{DA,u)- 

Theorem 4.0.26. Any regular vortex with smooth domain {A,u) has a strongly 
universal smooth deformation if and only if it is stable. 



Proof. Give the spaces of connections and sections the structure of Banach manifolds 
by taking completions with respect to Sobolev norms l,p for 1-forms, and 0,p for 
and 2-forms. For p > 2, the map J-a,u is a smooth map of Banach spaces. 

(33) Ta,u : J^^(S,P(g))i,pef]0(S,n*r^<='-*P(X))i,p 

^ (J^o © J72)(S, P(0))o,p e 5^°'^S, n*r™'^*P(X))o,p 

equivariant for the action of the group G{P)2,p of gauge transformations of class 2, p. 
Suppose that {A, u) is regular and stable. By the implicit function theorem, there 
is a local homeomorphism 

r FA+a +_VolE(expje))*^(«') = 
ker(L)A,«) < a^+a(exp„(^)) = 

This gives rise to a family {As, us) — )• S over a neighborhood 5 of in keic{DA,u)- By 
O Theorem 3.1], {As, us) is a smooth family, assuming (A, u) is smooth. Given any 
other family {A'g,,u'si) — >■ S' of stable vortices with {A'q,Uq) = {A,u), the implicit 
function theorem provides a smooth map S" — )• S" so that {A'g,,u'g,) is obtained from 
{A, u) by pull-back. The first property of the universal deformation is a consequence 
of the slice condition; the second property follows from the fact that the projection 
kei:{DA,u) ker(D^^^^^) is an isomorphism for sufficiently small s. □ 

Let Mn^^{'E, X) denote the moduli space of regular, stable n-marked symplectic 
vortices from E to X. We denote by {cf{TX),d) the pairing of d with the first 
Chern class cf{P{TX) P{X)) 

Theorem 4.0.27. Let S, X, J be as above. M^^{Y!,, X) has the structure of a smooth 
orbifold with tangent space at [A,u] isomorphic to Def(^,u), and dimension of the 
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component of homology class d G H2{X) is given by 

dim(M;^S(5]^X,d)) = (1 - 5)(dim(X) - 2 dim(G)) + 2((cf (TX), d) + n). 

Proof. Charts for Mn^^EjX) are provided by the strongly universal deformations. 
The dimension of the tangent space at [A, u] is given by the index of the linearized 
operator Da,u, which deforms via Predholm operators to the sum of the operator 
d^ © d^ for the connection, which has index 2dim.{G){g — 1), and the linearized 
Cauchy-Riemann operator on the nodal curve, which has index (1 — g) dim(X) + 
2n + 2{ci{TX),d) by Riemann-Roch, if (A,u) has equivariant homology class d 
(which determines the first Chern class of P by projection.) □ 

4.1. Polystable vortices. The moduli space of symplectic vortices admits a com- 
pactification which allows bubbling of the section in the fibers. 

Definition 4.1.1. A nodal gauged marked holomorphic map from E to X consists 
of a datum {T,, P, A,u, z) where P — )■ E is a principal G-bundle, A € A{P) is a 
connection, S is a marked nodal curve, f : S — )■ S is a holomorphic map of degree 
[S], and : S — >■ P{X) is a J^-holomorphic map from a nodal curve S such that 
TTou has class [S]. In other words, 

(a) S is a connected nodal complex curve consisting of a principal component Sq 
equipped with an isomorphism with S together with a number of projective 
lines El, . . . , S^.. We denote by w^, . . . , w^^ the nodes. For each i = 1, . . . ,k, 
we denote by £ Sq the attaching point to the principal component. 

(b) (^4, u) G T-LiP, X) is a gauged holomorphic map from S to X; 

(c) for each non-principal component Sj, a holomorphic map Uj : Sj — > P(X)^p; 

(d) z = {zi, . . . , Zn) € £ are distinct, smooth points of S. 

Let %{11,P{X)) denote the space of nodal gauged holomorphic sections with do- 
main S and bundle P. The group of gauge transformations G{P) acts on "^(1), P{X)) 
by g{A,u) = {g*A,g o u). The generating vector field for ( G $7'^(S,P(g)) acting on 
'H{t,P{X)) at {t,A,u) is the tuple given by 

(34) Ch(e,p(x))(^' ^) = (dAC, <P{Cx), «P(CxK°)))ii) 

inJ^i(S,P(g))©QO(E,u*r^^''*P(X)). Here P(Cx) e O0(E, P(Vect(X))) is the fiber- 
wise vector field generated by ^ and UqP(^) G T^^^^P{X) is the evaluation at uq. 
Similarly for the bubble components ui, . . . ,Uk in the fibers P{X) o , . . . , P{X) o . 

1 k 

A slice is given by taking the perpendicular to the tangent spaces to the ^(P)-orbits. 
We will assume for simplicity that the stabilizer of the Q (P) action on the principal 
component is finite, so that a slice is given locally by the kernel of d^^^^, that is, 
the Coulomb gauge condition on the principal component. The implicit function 
theorem shows that any nearby pair {Ai,ui) is complex gauge equivalent to a pair 
of the form {A + a, exp^{v)) with (a, v) G ker d^ 
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Definition 4.1.2. A nodal vortex is a stable nodal gauged holomorphic map such 
that the principal component is an vortex. A nodal vortex (S, A, u, z) is polystable 
if each sphere bubble Ej on which Ui is constant has at least three marked or sin- 
gular points, and stable if it has finite automorphism group. An isomorphism of 
nodal vortices (S, A, u, z), (S', A', u' , z') consists of an automorphism of the domain, 
acting trivially on the principal component, and a corresponding automorphism of 
the principal bundle mapping {A,u) to {A',u') and mapping the markings z to z' . 
For any nodal section it : S the homology class of u is defined as the 

sum of the homology class do G H^iX,!) of the principal component uq and the 
homology classes di G H2{X,Z),i = l,...,k of the sphere bubbles, using the in- 
clusion H2{X,Z) H^{X,Z) given by equivariant formality. The combinatorial 
type T(L,A, u, z) of a gauged nodal map is a rooted graph whose vertices represent 
the components of S, whose finite edges represent the nodes, semi-infinite edges 
represent the markings, and whose root vertex represents the principal component. 

Note that there is no condition for points on the principal component. In particular, 
nodal gauged holomorphic maps with no markings can be polystable. The term 
polystable is borrowed from the vector bundle case. In that situation, a bundle is 
stable if it is flat and has only central automorphisms and polystable if it is a direct 
sum of stable bundles of the same slope. Any flat bundle is automatically polystable; 
a bundle is semistable if it is grade equivalent to a polystable bundle. In particular, 
the moduli space of stable bundles is definitely not compact, and we feel that the 
vortex terminology should include this fact as a special case. 

Prom now on, we fix the bundle P. 

Definition 4.1.3. Let X as above. A smooth family of fixed type of nodal vortices 
to X consists of a smooth family Sigmag — >■ 5 of nodal curves of fixed type, a 
smooth family of holomorphic maps : S5 — >■ S of class [S], a smooth family 

us '■ — > PiX) of maps, and a smooth family As : S x P ^ j'*p connections 
over S. A smooth deformation of a nodal vortex [A, Ti,u,z) of fixed type consists of 
a germ of a smooth family (vlg, S^, ix^, z^) of nodal vortices of fixed type together 
with an identification l of of the central fiber with {A,T,,u, z). A stratified- smooth 
family of marked nodal symplectic vortices is a datum (S5, ^5, ^5, zg) consisting 
of a stratified-smooth family S5 — t- S" of nodal curves, a stratified-smooth family 
of holomorphic maps v : S5 — )■ S of class [S], a stratified-smooth family ^4^ of 
connections on P, a stratified-smooth family of maps : E5 ^ P{X); such that 
each triple (Ss) As, Us, Zg) is a marked nodal symplectic vortex. A family of polystable 
symplectic vortices is a family of marked nodal symplectic vortices such that any fiber 
is polystable. 

A smooth vector bundle E ^ T, is a collection of smooth vector bundles Ei over 
the components Sj of S, equipped with identifications of the fibers at nodal points 
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^i+{w+) ~^ ^i-{w^) 7 ^ = 1) • • • 1 Wc denote by r2(S, E) the sum over components, 
n{t, E) = ©ti Ei) where E^ = E\T.i. 

Definition 4.1.4. For a polystable vortex (E, A, u), let Da,u denote the linearized 
operator 

(35) Q}{Y.,P{Q))®a'^{t,u*T'"'''P{X)) 

m 

^ (0° e o2)(E, P(0)) e oO'i(E, n*r^^'^*p(x)) e T™;t±^p(x) 

fc=i 

given by the Hnearized vortex operator (d^ _Dyi „„) on the principal component, 
the linearized Cauchy-Riemann operator on the bubbles, the slice operator d^ 
and the difference operator on the fibers over the nodes 

m 
i=l 

(A, u) is regular if Da,u is surjective. The space of infinitesimal deformations of A, u 
of fixed type is Defr(^, ?i) := kerZ)/!^^/ aut(S) where aut(S) denotes the group of 
infinitesimal automorphisms acting trivially on the principal component. The space 
of infinitesimal deformations of ^, is 

m 

Def(A^^) ■.= T)eir{A,u)®^T^+t®T^-t 

i=l 

consisting of a deformation of fixed type together with a collection of gluing param- 
eters. 

4.2. Constructing deformations of symplectic vortices. First we construct 
deformations of fixed type. 

Theorem 4.2.1. A regular polystable vortex has a strongly universal smooth defor- 
mation of fixed type if and only if it is stable. 

The proof is by the implicit function theorem applied to the map 

(36) ^A,u{<^^0 = (PA+a + Vols(exp„„(eo))*P($),dX„oKO, 

whose linearization is Da,u- The proof is left to the reader. We denote by M„^r(S, X, d) 
of the moduli space of isomorphism classes of polystable vortices of combinatorial 
type r of homology class d G H2{X, Z), and M^'^p(E, X, d) the regular locus. 

Corollary 4.2.2. M^*'p(S,X, d) has the structure of a smooth orbifold of dimension 
given, if is connected, by (1 — g){dYni{X) — 2dim(G)) + 2(n + {ci{TX),d) — m) 
where m is the number of nodes. 
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We now prove that a regular stable symplectic vortex from T, to X admits a 
strongly universal stratified-smooth deformation if it is strongly stable, that is, The- 
orem 11.0.21 We explain the construction for a single bubble only, so that S is the 
union of a principal component S+ = E and a holomorphic sphere E_, attached by 
a single pair w± of nodes. We denote by {A, «+) the restriction to the principal com- 
ponent and by m_ the bubble, so that x := u+{w+) = and u = (u+,n_). 
We choose a local coordinate near w, equivariant for the action of the automor- 
phism group Aut{A,u) in the sense that Aut(yl, u) acts on the local coordinate by 
multiplication by roots of unity. The construction depends on the following choices: 

Definition 4.2.3. A gluing datum lor {T,,A,u) consists of 

(a) neighborhoods U± of the nodes w±; 

(b) local coordinates k = on U±; 

(c) a trivialization P\ijg ^ G x Uq on Uq; 

(d) a gluing parameter 6; 

(e) an annulus parameter p ; 

(f) a cutoff function a as in (llOp . 

Step 1: Approximate Solution 

Given a nodal vortex {A, u) as above and a gluing datum we wish to define an 
approximate solution to the vortex equations {A,u^). Let exp^. : TxX — )• X denote 
the exponential map defined by the metric on X. Define sections 

C±:U±^ T^X, u(z) = exp^(^±(z)). 

Let S"^ denote the surface obtained by gluing; since the bubble is genus zero, this 
surface is isomorphic to S but not canonically. Define the pre-glued section : 
P{X), 

(37) u\z) = exp, [ai\K+{z)\/p\5\'/'){^+{z) - C^{w^)) + 

a(|K4z)|/p|5|i/2)(e.(z) - + C±{w^)) 

for |k±(z)| < 2|(5|^/^p^; elsewhere let u^{z) = u{z), using the identification of S with 
S away from the gluing region. We do not modify A in the bubble region; this is 
because after re-scaling the connection on the bubble is already close to the trivial 
connection. 

The pair {A,u^) is an approximate solution to the vortex equations in the fol- 
lowing Sobolev norms. Let n{T.\P^{g))k,p denote the M/^'='P-completion using the 
standard metric. Let g^ denote the metric on the glued surface in ()12p . Let 

O0'i(S^n'5'*r™^*P(X))fc,p,5. Let 

-Hs := p(0))o,3 e p(b))o,3 e u^'*r™-*p(x))o,3,5 

with norm 

(38) ll(</',V',ry)||^ = 11011^,3 + ||V'l|g,3 + hl|g,3,5- 
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Let 

with norm 

\\{a,Ofs = \\a\\l3 + \\v\\l3,5- 
Locally the moduli space of polystable vortices is in bijection with the zero set of 
the map 

(39) Fi^^-.Xs^Hs 

(a,e) ^ (FA+a + VolEexp„.(0*P($),d:i,„^(a,e),^'„^(0"^^A+aexp„4e)) • 

Here the second map enforces a slice condition. That ^ is well-defined follows 
from Sobolev embedding: In particular, there is a (^-uniform embedding 

(40) 17°(S^ 'u'^'*r^^'^*P(X))i,3,5 ^ 1^°(S'5, n'^'*r™''*P(X))o,oo, 

since the dimensions of the cone in the cone condition [21 Chapter 4] are uniformly 
bounded in 5, and the metric uniformly comparable to the flat metric. 

Lemma 4.2.4. Let {A,u) he a symplectic vortex on a nodal curve with a single 
node w = {w^,w~). There exist constants co,ci > such that if \6\ < ci, p > 1/ci 
and\6\p'^ < c\ then the pair {A,u^) G A{P) X r{P{X)) satisfies 

(41) \\Ti^{0,0)\\<co\S\'/'p'/'. 

Proof. The expression Oau^ can be expressed as a sum of terms involving derivatives 
of the cutoff function a, terms involving derivatives of and terms involving the 
connection A on the bubble region. The derivative of a is bounded by C/p\6\^^'^, 
while the norm of is bounded by C/9|5|^/^ on the gluing region. Hence the term 
involving the derivative of a is bounded and supported on a region of area less than 
C\6\p'^. In the given trivialization we have 

Oau = du + AP-^{u) 

where A^'^ is the 0, 1-form defined by A G il,^{Bfi, q) is the connection 1-form in the 
local trivialization and A-^ (u) is the corresponding form with values in T™^*P(X)(8)]r 
C. We have 

\\Afiu)\\o,s,s<\\Afiu)\\o,3 

smce p > 2; for p = 2 the W^^^'^ and W'^'^ norms are the same, by conformal 
invariance; for p > 2 the 0, 3-norm is strictly greater. Hence 

\\dAu'\\o,3,s <Cma^{\6\'/-'p'/M6\). 

The moment map term Fa + (n'')*P(<^) Vols vanishes except on < pl^-*^/^!, 
where it is uniformly bounded. Hence for 6 small 

\\Fa + (n'5)*P($) Vols ||o,3 < Cp2/3|5|i/3. 

The statement of the lemma follows. □ 
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We also wish to perform the gluing construction in families, that is, for each nearby 
vortex and gluing parameter we wish to find a solution to the vortex equations on 
T,^. Define 

(42) T^;^:Befr{A,u)xIs^'Hs, (0,^,01,^1)^ 

(Fa + ao + ai + Vols exp„.(e^ + Ci)* P{^),d*^^^,{ao + ai,^^ + C), 

^u4Co + Ciy^dA+ao+a, exp„* (^^ + Cl)) 

The following is proved in the same way as Lemma 14.2.41 and left to the reader: 

Lemma 4.2.5. Let {A,u) be as above. There exist constants co,ci > such that if 
\6\ < ci,p> 1/ci, ||(a, ^)|| < ci and \6\p'^ < c\ then 

(43) ||^^^;,^(a,e,0,0)||<co|5|V3p2/3_ 

Step 2: Uniformly hounded right inverse 

In preparation for the construction of the uniformly bounded right inverse of 
we define the intermediate family {A,Uq) of gauged holomorphic maps on the nodal 
curve S is the family defined by the equations (|4.2.4p . using the identification of 
S and away from the gluing region. Thus Uq is constant in a neighborhood of 
the node w^. We identify (u^)*r^<=^'P(X) with n*r™'^*P(X) by geodesic parallel 
transport. 

Lemma 4.2.6. The operator Dj^^s^ converges in the operator norm to Da,u cls 
(5 0, p 00, — > 0. 

Proof. The section Uq converges in the W^'^ norm to u as — )• 0. It follows 
that the operator i-)- YoIj:{uq)* L^P{^) converges to ^ t-^ Vols n*LgP(<I>). Hence 
•^Auge converges to dA,u,e, and similarly for d*A^uo,e- The operator D^^s^ converges 
to Da. ^, as in Lemma 13.3.61 D 

Proposition 4.2.7. Let {A,u) be a nodal vortex, and {A,u^) the approximate solu- 
tion constructed above. There exist constants c,C > such that if \S\ < c then 
there exists an approximate right inverse Ts of the parametrized linear operator 
Ds := Da^u^ that is, a map Ts : Hs — )• T5 such that 

\\iDsTs-L)r]\\s<^M\5, \\Tsv\\s<CM\5. 

Given such an approximate inverse, we obtain a uniformly bounded right inverse 
Qs to Ds by the formula 

Qs = TsiDsTs)-^ = Y,Ts{bsTs - I)\ 

k>0 



36 



EDUARDO GONZALEZ AND CHRIS WOODWARD 



Proof of \4-2. 7\ By the regularity assumption, Da,u is surjective when restricted to 
the space of vectors (a, ^) such that ^o(O) = '?i(c«). By Lemma r4.2.6l Dg := Z)^ is 
surjective for sufficiently small p, 5, when restricted to the same space. The approx- 
imate right inverse is constructed by composing a cutoff operator Kg, right inverse 
Qs, and gluing operator Rs, as follows. (In other words, the right inverse is defined 
by truncating the given functions, applying the right inverse for the linearized oper- 
ator on the nodal curve, and then gluing back together using cutoff functions again.) 
For simplicity we assume that there is a single node. Define the cutoff operator 

(44) Ks : f]°'i(S^n^'*r™-*P(X))o,3,5 ^ n^'\t, (7x^)*T-'^tp(X))o,3 

(0 K±(z)GB i(0) 

Ksiv) = < l"^!^ • 

[ r] otherwise 

Then ||i('5(r7)||o,3 < ||??||o,3,(5- Define the gluing operator 

Rs : 1^°(S, (4)*rX)i,3 ^ 170(S^n^'*r™^*P(X))i,3,5 

as follows. Let denote the complements of small balls around the nodes = 
T,± — i3p2|5|i/2 (w^). Let 7r± : — )• T,^ denote the inclusions. These induce maps 
of sections with compact support in t*^, 7r±,^ : n%t*^,u*^TX) n'^{t^ ,u^'*TX). 
Define RsiC) = where 

for K±{z) G i?|^|i/2p2 (0) and = £, otherwise. Here x = i'^{w^) is the value of ^ at 
the node. Define Tg := (/ x Rg)Qg[I x Kg). That is, if (a, ^) = QsKs{(l),ip,rj) then 
Tg{(f>,il),r]) = (a, ^^). The map Tg is the required approximate right inverse. The 
difference {DsTs — "0) ^) is the sum of terms 

dAx(a,e')-'/', dX.„(a,e')-^, D^y{a,^')-v. 
By definition d^^^4(a, ^) = (j), so the first difference has contributions involving 

the difference between Uq and , and between and ^. But since dA,uiO',C) = 
d^a + «*L^^P($), these terms are zeroth order in u, ^, 

\\{u'rL^s^p{<!>)-uiL^^pmo,3<c\6\mco-, 

that is, a constant times the area of 7r_^=i,(Sl), which goes to zero as 6 does. A similar 
discussion holds for the second difference. The third difference has terms arising from 
the cutoff function and the term a^^(u) on the bubble region |«;_|_(2;)| < We 
have 

\\ax^{u)\\o,3,s < l|ax^(^^)llo,3 < C\d\. 

smce p > 2; for p = 2 the W^^^'^ and W'^'^ norms are the same, by conformal 
invariance; for p > 2 the 0, 3-norm is strictly greater. The term involving the 
derivative of the cutoff function satisfies 

imAC - eH)ll0,3,5 < clog(p2)-2/3||(^ _ ^(^))||^_3 
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by Lemma 13.3.51 and so vanishes in the hmit /3 — )• oo. Using the uniform bomid on 
Qi, the total difference is bounded by C(log(/9^)~^/^ + "0; and so vanishes 
in the Umit (5 — )• 0,/9 — )• oo, \5\p'^ — )• 0. The uniform bound on follows from the 
uniform bound on and the cutoff and extension operators. □ 

Step 3: Uniform quadratic estimate 

Proposition 4.2.8. There exist constants c, C > such that if ||C||i,3.(5 < c, \5\ < 
c^ p > 1/c and \5\p'^ < c then the map J'^^ satisfies a quadratic bound 

- D^y{ai,^i)\\s < C\\a,^\\s\\ai,^i\\s. 

Proof. The norm of the non-linear part of the curvature || [a, ai] ||o,3 is bounded by 
Sobolev multiplication. The other term appearing in the first vortex equation satis- 
fies 

||exp„.(^o)*%.;,m) - iu'rL^,^,Pm\o,3 < C||eo||i,3,5||ei||i,3,5 
for some constant C independent of 6, using that VF^''^''^ norm controls the W^'^ norm 
uniformly. The non-linear terms in the Cauchy-Riemann equation are estimated as 
in Theorem 14.2.81 and \15\ Section 3.5, Lemma 10.3.1]; note that we are fixing the 
complex structure on E, which avoids the more complicated analysis we gave in the 
previous section. The second vortex equation also involves a term of mixed type 

^«(e + 6)-Hai)^'(expje + ei)) (expJO)- It follows from uniform 

Sobolev embedding that this difference has 0, 3, 5-norm bounded by C||ai Hi^sH^i || 1,3,5 
for some constant C independent of 6. □ 

Step 4- Implicit Function Theorem 

Theorem 4.2.9. Let (A, u) be a regular stable nodal vortex of combinatorial type 
T. There exist constants eo,ei > such that for every (a, ^,5) € Defr(^, u) with 
norm less than eo, there exists a unique {(p,tp,rj) of norm less than e\ such that if 
(o^ij^i) = Qsi't'ii^iV) then -|- oq -|- ai,exp^5(^o -|- ^1)) is a symplectic vortex in 
Coulomb gauge with respect to {A,u^). The solution depends smoothly on ao,(,o, 
and transforms equivariantly the action ofO{P)A u on Defr(^, "u). 

Proof. Uniform error and quadratic estimates are those for ^ in Lemmas 14.2.41 
14.2.71 and 14.2.81 in a uniformly bounded neighborhood of in Defr(^, li). Then 
the first claim is an application of the quantitative version of the implicit function 
theorem (see for example |15l Appendix A.3]). Equivariance follows from unique- 
ness of the solution given by the implicit function theorem, since the map J~^'^ is 
equivariant for the action of Q{P)a,u- D 

Step 5: Rigidification 

As in the case of holomorphic maps in the previous section, there is a more 
natural way of parametrizing nearby symplectic vortices which involves examining 
the intersections of the sections with submanifolds of P{X), and framings induced 
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by parallel transport. First we study the differentiability of the evaluation maps. 
The gluing construction of the previous step gives rise to a deformation (As, us) 
of {A,u) with parameter space a neighborhood 5 of in Def(^, u), and so a map 
S — )• MnC^jX), s I— )■ (Ss,^s,Ms) Consider the map 

(45) ev : {±-U) X S ^ P{X), {z,s)^Us{z). 

Proposition 4.2.10. The map ev of (j45p is for the family constructed by gluing 
in Theorem \4.2.9 using the exponential gluing profile. 



Proof. We denote by u^^^ : S5 — )• X the family obtained by pre- gluing only, that is, 
omitting the step which solves for an exact solution. We denote by ev^'''' the map 

evP=^^ :{±-U)xS^ P{X), {z, s) ^ 

This map is independent of the gluing parameters, and is therefore C^. We write 
s = {ao,(,o) and Ag = A + oq + ai,Us = exp^prc(^^ + ^1). The corrections ai,^i 
depend smoothly on ao,^o> by the implicit function theorem, and so (,i{z) depends 
smoothly on 00,^^0- Next we take the derivative with respect to the gluing parameter. 
Let {A, u) be a nodal symplectic vortex, {A, u^) the pre-glued pair (we omit the 
parameter p controlling the diameter of the gluing region from the notation) and 
consider the equation J^yi,u*('3^o + oi)Co + ^1) ~ Let Ds denote the derivative of 
J^Ay^s. Differentiating with respect to 5 gives 



^..,«exp„,K„':0,-^6)) = -b. (o,«exp„,(£*;-|„.,^e 

The same arguments as in the proof of Theorem 13.3.111 show that there exists a 
constant C > such that the right hand side is bounded in norm by Ce~^/^ . On 
the other hand, the norm of the left-hand side is uniformly bounded from below 
in terms of the norm of ^Q^ii^Ci) by the quadratic estimates. It follows that 
(^oi, -^ii) is also bounded in norm by Ce~^/^ . Hence \mis^Qdse\ = 0. It follows 
that Dqy has a continuous limit as (5 — )• 0. □ 



Choose a path 7 : [0, 1] — t- S in the principal component and an element (j)Q G 
P^(o). Let T.y{A) : P^(o) ~^ -^7(1) denote parallel transport. By an m-framed family 
of marked curves, we mean a family of curves together with an m-tuple of points 
in P. Given a family {T,St^S:Us) of gauged holomorphic maps over a parameter 
space S, a collection of codimension two submanifolds Y = {Yi, . . . ,Yk) in P{X), 
and a collection of paths 7 = (71, ... ,7;) with the same initial point yo to yj,j = 
1, . . . ,/, define a family of marked, framed curves Sp"''^' — )• 5 by requiring that 
the additional marked points Zn+i map to Yi, and the framings are given by parallel 
transport along the paths 7^. 

Definition 4.2.11. The data Y,'y,A,u are compatible if 

(a) each Yj intersects Uj transversally in a single point G S; 
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(b) if (a,^) G kei Da,u satisfies ^{zn+j) £ r„(^^^^.)P(X) for j = l,...,k and 
DAT^.{a) = for i = 1, . . . , / then (a,^) = 0. 

(c) the curve S marked with the additional points Zn+i, ■ ■ ■ , Zn+k is stable. 

(d) if some automorphism of maps zi to Zj then Yi is equal to Yj. 

The second condition says that there are no infinitesimal deformations which do 
not change the positions of the extra markings or framings. 

Proposition 4.2.12. Let {A^u) he a parametrized regular stable nodal vortex, and 
{Ag^us) — )• S the stratified- smooth universal deformation constructed by the gluing 
construction. There exists a collection (5^,7) compatible with (u, A). Furthermore, 
if (1^,7) is compatible with {A,u), then the rigidified family S^'"''*^''^ S of (j26p 
is a stratified- smooth deformation of the marked- curve- with- framings E^''*''^'^ which 
defines an immersion of S into the parameter space for the universal deformation 
of the central fiber. 

Proof. First we show the existence of a compatible collection. Suppose that the 
second condition is not satisfied for some (a, 1^). Suppose first that ^ 7^ 0. Let z^+i be 
a point with ^(z^+i) 7^ 0, and choose a codimension two submanifold Yn+i transverse 
to u near and such that TYn+i does not contain ^(z^+i). Adding Y^+i to 

the list of submanifolds decreases the dimension of the space of (a, ^) satisfying the 
condition in (b) by at least one. Repeating this process, we may assume that the 
only elements satisfying the condition in (b) have ^ = 0. Suppose that is zero, so 
that a is necessarily non-zero. Choose an additional marked point yi^i and a path 
7i_l_i from the base point yo to y^+i such that the derivative of the parallel transport 
over 7 with respect to a over is non-zero. Appending 7^+1 to the list of path decreases 
the dimension of (a,^) satisfying the condition in (b) by at least one. Hence the 
process stops after finitely many steps, after which the kernel is trivial. The proof 
of the second claim is similar to Proposition 13.3.15] and will be omitted. □ 

Step 6: Surjectivity 

We show that any nearby vortex appears in the family constructed above. First, 
we show: 

Proposition 4.2.13. Let (A, u) be a regular strongly stable symplectic vortex. There 
exists a constant e > such that if{Ai,ui) = {A+a, exp„5(^)) with ||a||i^3+||^||i^3_5 < 
e then after gauge transformation we have {Ai,ui) = (A + oq + oi,exp„5(^Q + ^1)) 
for some (ao,^o) £ ker(Z)^^„) and (ai,^i) in the image of Qs- 

Proof. We claim that for some constant C > 0, we have (a, ^) = (ao, ^g) + (^i) Ci) 
some (ao,^o) S ker Da,u and (ai,^i) e lmD*^ ,^s with norm ||(ai,^i)|| < C||(ai,^i)||. 
Given the claim, the proposition follows by the uniqueness statement of the implicit 
function theorem. For any c > there exists such that for 5 < Sq, 

\\DA,u4''i,^o)\\<c\\{ai,^t>)\\ 
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by estimates similar to those of Lemma I4.2.4[ Thus the image of ker Da,u is trans- 
verse to Im , for 6 sufficiently small, since it meets Im trivially and 

projects isomorphically onto kerD^^a, by gluing for indices, as in [231 Theorem 
2.4.1]. The claim then follows from the inverse function theorem. □ 

Given a strongly stable symplectic vortex (A, u) with stable domain S, let {As, us) 
be the family given by the gluing construction above. Otherwise, if Y is not stable, 
let Y = (Yi, . . . ,Yi) be a collection of codimension two submanifolds of P{X), and 
consider the family {A, u^) with additional marked points given by requiring that the 
additional marked points z„_|_j map to YJ. Let {As, us) denote the family obtained 
by applying the gluing construction for {As, it^), and then forgetting the additional 
marked points. 

Lemma 4.2.14. Suppose that {Ai,Ui) Gromov converges to {A, u). After a sequence 
of gauge transformations, for any e, there exists iq such that ifi > io then there exists 
5,{ai,ii) satisfying {Ai,Ui) = + a^, exp„«(^i)) with ||ai||i,3+ ||Ci||i,3,5 < £• 

Proof. By definition of Gromov convergence, after gauge transformation Ai C^- 
converges to A and converges uniformly in all derivatives on the complement of 
the bubbling set jT7]. The exponential decay estimate Lemma A. 2. 2] show 
that Ui converges to u on the complement of the nodes, uniformly in all derivatives 
on compact sets, and whose derivative on the gluing region is uniformly bounded 
in the (5-dependent metric. It follows that ui = exp„5(^j) for some 5 and G 
rt^{Y,^,{u^)T'"''^P{X)) with ||Ci||i,3,5 < e. To obtain the improved convergence for 
the connection, note that + = and the corresponding equations for 

the limit {A, u) imply that 

Fa, -Fa = dA{Ai -A) -{A- Ai) ^{A- Ai) = (ni)*P(^) - n*P($). 

Since m*P(<I>) is bounded and converges to u*P{^) on the complement of the bub- 
bling set, and Ai converges to A in hence M^*^'^, the right hand side converges to 
in W^'^ as i — oo. After gauge transformation we may assume that d^(^ — Ai) = 0. 
Then the elliptic estimate for the operator d^^ © d^ implies that A — Ai converges 
to zero in W^'^. □ 

Corollary 4.2.15. {As, us) is a stratified- smooth versal deformation of {T,, A,u). 

Proof. Proposition 14. 2 . 13] implies that any family (^^i , u\,i ) is obtained by pull-back 
from {As, Us), in case S is stable, or obtained from the family obtained by adding 
the marked points mapping to submanifolds, in general. □ 

Step 7: Injectivity 

We show that any nearby vortex appears once in our family, up to the action of 
Aut{A,u); this is part of the following: 
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Theorem 4.2.16. Any family (As, us) constructed by gluing using the exponential 
gluing profile is a strongly universal stratified- smooth deformation of {A,u). 

Proof. Let Zn{P,X) denote the moduh space of marked symplectic vortices up to 
equivalences that involve only the identity gauge transformation, so that Mn{P, X) = 
Zn{P, X)/Q{P). Let {A, u) be a stable marked vortex, and Wa,u a slice for the gauge 
group action on Z(P, X), so that 

WA,u/Q{P)A,u^Mn{P,X) 

is a homeomorphism onto its image. Let Auto(>l, u) denote the subgroup of Aut(^, u) 
acting trivially on P, so that Q{P)a,u = PmX,{A,u)/ KvXq{A,u) is the stabilizer of 
[A, u) under the gauge action. Let (As, us) denote a universal deformation of (A, u) 
constructed by gluing using the exponential gluing profile. We claim that the map 

(46) S / AutoiA, u) ^Wa,u, [s]^[As,Us] 
is an injection. Indeed, rigidification produces an injection 

(47) S/ Auto(A, u) ^ Mn+kA^)/ Auto(yl, u), [s] ^ 

where Auto(^, li) acts by re-ordering the marked points. Since this map factors 
through (I46p . the claim follows. If {Asi,Ugi) is a family of symplectic vortices 
giving a deformation of any fiber of {As, us)] then Corollarv 14.2.151 together with 
injectivity shows that this family is obtained by pull-back by some map — )• S. 
Hence {As, us) is a stratified-smooth strongly universal deformation of {A,u). □ 

Theorem 4.2.17. Let X be a Hamiltonian G-manifold equipped with a compatible 
invariant almost complex structure J S J'{X)'~^ . The maps 

(48) S^M„(S,X), s^[As,Us\ 

associated to the universal deformations constructed above equip the locus M^'^(E,X) 
of regular stable symplectic vortices with the structure of a stratified-smooth orbifold. 
If the local coordinates near the nodes are chosen compatibly and the gluing profile 
is the exponential gluing profile, then the deformations provide M^^^{J1,X) with the 
structure of a -orbifold. 

Proof. It suffices to show that the charts given by two sets ^^■,7j are compatible. 
Define Y = YiUY2 and m = mi + m2 the total number of extra points. Similarly let 
7 be the union of 71 and 72 of total number I = li -\- 12. The family Sp"'''''"^ admits 
a proper etale forgetful map Sp"'^'^ — )• f^^''^''^^'^ ^ j = 12 whose fiber consists of 
the re-orderings of the points for Y induced by automorphisms of Aut{A, u) that fix 
the ordering for Yj. It follows that the corresponding charts are C^-compatible. □ 

Remark 4.2.18. As discussed in Remark l3.3.22t the Theorem implies that if M^^^iT,, X) 
is compact then it admits a (non-canonical) smooth structure. 

Let M„(S) denote the moduli space of stable maps to S with homology class [S], 
n markings and genus that of E, or in other words, parametrized stable curves with 
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principal component isomorphic to S. Forgetting the pair (A, u) gives a forgetful 
morphism M^^^(I], X) — )• M„(S). Using the differentiable structure defined above, 
the evaluation maps are differentiable but unfortunately the forgetful morphisms are 
not, unless one uses a different gluing profile for the moduli space of vortices with 
one less marking. More precisely, the forgetful morphism M^^^{Ti,X) — )■ M„(S) is 
continuous and near any pair (A, u) whose domain is stable as an element of 
M„(E), and a submersion near the boundary of M„(S). For the standard smooth 
structure on M„(S), the forgetful morphism — t- M„(S) is smooth. 

The gluing construction has various parametrized versions. For example, in [11] 
we consider a moduli space of polystable polarized vortices, which consist of a vortex 
together with a lift of the connection to the Chern-Simons line bundle. In each of 
these cases one applies the implicit function theorem using the linearized operator for 
the parametrized problem to prove that any parametrized regular polystable vortex 
has a strongly universal deformation in the parametrized sense. In particular, any 
regular polystable polarized vortex has a strongly universal deformation etc. 
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